MULTIPLICITY ESTIMATES FOR 
ALGEBRAICALLY DEPENDENT ANALYTIC 

FUNCTIONS 

O ' EVGENIY ZORIN 

(N 

Abstract 



We prove a new general multiplicity estimate applicable to sets 
of functions without any assumption on algebraic independence. The 
multiplicity estimates are commonly used in determining measures of 
E"H | algebraic independence of values of functions, for instance within the 

| /' | ■ context of Mahler's method. For this reason, our result provides an 

important tool for the proofs of algebraic independence of complex 
numbers. At the same time, these estimates can be considered as 
a measure of algebraic independence of functions themselves. Hence 
our result provides, under some conditions, the measure of algebraic 
independence of elements in F g [[T]], where F g denotes a finite field. 
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Let Ik be any field and let 

/i(*),...,/n(*)ek[[*]] (1) 



be a collection of formal power series with coefficients in k. In this article 
we are interested in so-called multiplicity estimates, referred to as uniform 
^ | upper bounds for 

oTd z=0 P(z, fi(z), /„(»), 



the order of vanishing of P(z, fi(z), . . . , f n (z)) at z = 0, where P is a poly- 
nomial P € k[Z, Xi,..., X n ] in n + 1 variables. Naturally, the upper bounds 
should depend on the degree of P, since, for example, ord z= o-Pjv(.z, fi(z)) > 
N when fi(z) = ^2^ Q a n z n and Pn(Z,Xi) = X\ - J2iLo a n zn - In applica- 
tions it is often desirable to have upper bounds of the form 

OTd z=0 P(z,fi(z),...J n (z))<F(deg z (P),degx(P)), (2) 

where F is independent of P and the degrees in z and in X\, . . . ,X n are 
separated. We say that fi{z), . . . , f n (z) verify a multiplicity estimate/lemma 
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(with respect to F) if §2§ holds for all P € k[Z, X x , . . . , X n ] such that 
P(«,/ 1 (z),...,/ n (z))^0. 

Multiplicity estimates form an important tool in transcendental number 
theory for establishing the measure of algebraic independence of, for exam- 
ple, complex numbers. The multiplicity estimates can also be considered 
as measures of algebraic independence of functions (or formal power series). 
For more detailed explanation we refer the reader to [7, 8, 9, 10J. 

The central theme in transcendental number theory is to determine 
whether or not the values fi(a), . . . , f n (ct), of a given set of analytic func- 
tions given by (P), are algebraically independent at algebraic points a. In 
the next few pages we explain why it is natural to apply the estimates ([2]) 
within this theme. To begin with, recall the famous Lindemann-Weierstrass 
Theorem: 

Theorem 1.1 ((Lindemann-Weierstrass)). Let n > 2 be an integer and 
ai,...,a n E C be algebraic over Q. Suppose that exp(aiz), . . . , exp(a n z) 
are algebraically independent over Q functions of a complex variable z. Then 
for any (3 G Q the numbers exp(ai/3), . . . , exp(a n /3) are algebraically inde- 
pendent over Q. 

Remark 1.2. Usually this theorem is stated with the hypothesis that 
ai,...,a n are linearly independent over Q, instead of algebraic indepen- 
dence of functions exp(aiz), . . . ,exp(a n z). It is an easy exercise to verify 
that these conditions are equivalent. 

Later this result was generalized to the much broader class of so-called 
i?-functions ('£" here is for "exponential", as the definition of this class 
captures some important properties of the exponential function). We refer 
the reader to [31 J for the definition of this class. This line of research was 
initiated by Siegel with an impressive development via a number of tours 
de force jSU [191 HI [TT| , crowned by the following qualitatively best possible 
result. 

Theorem 1.3 ((Nesterenko-Shidlovsky, [H])). Let fi(z), . . . , f n (z) be a set 
of E- functions that form a solution of the system of first- order differential 
equations 





= A(z) 




\fn(z)J 




\Uz)J 



(3) 



where A is an nxn-matrix with entries in Q(z). Denote by T(z) the common 
denominator of the entries of A. Then, for any a € Q such that aT(ot) ^ 0, 

tr.deg. Q Q (h(a), . . . , f n {a)) = tr.deg. cw <C(*) (fi(z), f n (z)) . (4) 
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Moreover, there exists a finite set S such that for all a £ Q, a S the 
following holds. For any homogeneous polynomial P € Q[-X"i, • • • ,X n ] with 
P(/i(a), . . . , / n (a)) = there exists Q € Q[z, X\, . . . , X n ], homogeneous in 
Xi,..., X n , such that Q(z, fi(z), . . . , f n ( z )) = and 

P(X 1 ,...,X n ) = Q(a,X 1 ,...,X n ). (5) 

Slightly later this theorem was proved with a completely different method 
by Andre [4|. Using Andre's method, Beukers has proved that in the 
statement of the Nesterenko-Shidlovsky Theorem above one can always take 
S to be the set of zeros of zT(z). 

The class of ^-functions is not the only example for which results sim- 
ilar to dU) are sought. For example, of particular interest are sets of func- 
tions satisfying certain functional relations, such as relations of Mahler's 
type [201 El] or equations in ^-differences [Tj [2]. Another example is the 
so-called G- functions 011], allied with E- functions. However, despite sub- 
stantial progress, there are still many open problems outside the theory for 
E- functions. 

The Nesterenko-Shidlovsky-Andre-Beukers Theorem is best possible. 
For instance, if the functions (JT]) have algebraic coefficients and admit 
an algebraic relation over C(z), that is if there is a polynomial R € 
C(z)[Xi, . . . , X n ] vanishing at (f\(z), . . . , f n (z)), one can verify that this 
is a relation over Q(z), i.e. the coefficients of R are from Q(z). Multi- 
plying R by a common denominator of its coefficients we obtain a polyno- 
mial R\ from Q[z] [Xi, . . . , X n \. The polynomial Ri(a, X\, . . . , X n ) vanishes 
at (/i(a), . . . , /„(q)) and has algebraic coefficients, by construction. Thus 
polynomial relations ([5]) from the theorem above are transmitted directly 
from functions to their values. So the best possible result regarding alge- 
braic independence of the values (/i(a), . . . , f n (a)) one may hope to obtain 
is the result (jl|). 

There exist powerful methods [26[ [271 128] which yield results of type (jl]) 
for various sets of functions. It appears in practice that it is greatly prefer- 
able to measure the strength of algebraic independence between the func- 
tions (JT]). Loosely speaking, the reason is that the passage from algebraic 
independence of functions to the algebraic independence of their values usu- 
ally involves a loss of information. It is very desirable to know how much 
one can lose. 

The following question naturally arises: how one can measure the 
strength of algebraic independence? Let us start by considering the complex 
numbers 

x u ...,x n eC n . (6) 
By definition, these complex numbers are algebraically independent if (and 
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only if) for any non-zero polynomial P € Qf-X'i, • • • , X n ] one has 

P(xi, ...,x n )^Q. 

At first glance, one may try to use as a measure of algebraic independence 
of numbers (jSJ) the infimum of absolute value 

\P(x 1 ,...,x n )\ (7) 

over all allowed polynomials (that is P £ Q[-Xi, • • • , X n ] \ {0}). However, it 
is easy to see that this infimum is always 0, at least if the degree and heigh10 
of polynomials are unbounded. In view of this, it is natural to compare the 
rate of decreasing of the absolute value ([7]) with the corresponding values of 
degree and height of P. 

Definition 1.4. One says that a function <fi : NxK -> M + is a measure of al- 
gebraic independence of the set of complex numbers ([6j) if and only if the fol- 
lowing inequality is verified for any non-zero polynomial P € TL\X\, . . . , X n ] 

\P(x 1 ,...,x n )\>^(deg(P),h(P)). (8) 

In the case of formal power series, or analytic (at z = 0) functions ([I]) 
we can apply essentially the same definition. The natural choice of absolute 
value is that coming from the order of vanishing at the origin: 

\g(,z)\ = exp(-ord z=0 5(^)). (9) 

One readily verifies that this is indeed an (ultrametric) absolute value. The 
height of polynomial P € C[z] [X±, . . . , X n ] in this case is equal to deg z P. 

So in the case of functional fields, the inequality ([8]) takes the following 
form 

exp(-ord z=0 P(/i(z),...,/ ri (z))) > 0(deg z (P),deg*(P)). (10) 

Let 

F(deg z (P),deg^(P)) := - log (<A(deg z (P), deg^(P)) . 

Then taking logarithms of both sides of (|10|) and changing signs in (|1U|) we 
may rewrite this inequality as 

ord z=0 P(/i(z), • • • , fn(z)) < P(deg,(P),deg^(P)), 

which coincides with ([2]). Hence the multiplicity estimate (J2J) for a set of 
algebraically independent functions fi(z), . . . , f n (z) is nothing else but the 

1 The notion of height of a polynomial in fact has several meanings in the number 
theory. We understand it in a sense of Weil's logarithmic height. The reader can find the 
definition in subsection l2.3.1l for instance see (|35l) . 
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measure of algebraic independence of these functions. Note for instance that 
if we provide an upper bound F(X, Y) in ([2]) with a slow rate of growth, 
then we assure that the function eft in (jlOp has a slow rate of decrease, so 
functions (fi(z), . . . , f n (z)) have a large measure of algebraic independence, 
in the sense we have explained just above. 

We have a natural limit of results when seeking to improve the function 
F in the r.h.s. of ([2]). In any case, if functions fi, . . . , f n are all algebraically 
independent we have 

F(X,Y)>\(X + l)(Y + ir/ n r\. (11) 

That is, for any X, Y G N we can construct a polynomial Pxy of degree in 
z at most X and of degree in X\ , . . . , X n at most Y verifying 

ord z=0 P x>Y (z,h(z),...,f n (z)) > [i(X + l)(y + in 

> [I(deg z (P) + l) (deg x P + l) n l. 
n! — 

To see this consider monomials n^kojki, 

>fcn = Z k °X^ ...Xfr with < k < 
XandO < £?=i ki < Y. There are (X+l) ( Y+ ^ n ) > \(X+l)(Y+l) n /n\] of 
such monomials. The polynomial with indeterminate coefficients c/ COi / Clv .. j fc n 

Q(Z,Xi,. . . ,X n ) = Cfe 0> fe lr .. j fe n mfc 0i fc lj ... ) fc n 

o<fe <^ 
o<E?=ifc ! <>' 

has degree < X in Z and < y in Xi . . . , X n , in particular for any special- 
ization of coefficients Ck 0l ki,...,k n - ^ we substitute z, fi(z), . . . , f n (z) in Q we 
obtain an analytic function 

g(z) = Q(z,fi(z), . . .,fn(z)). 

Every coefficient in Taylor series of this function is a linear form in c& ^ ... j^. 
Hence by basic linear algebra we can find a non-trivial set of coefficients 
Cfc ,fci,...,fc„ such that the first \{X + 1)(Y + l) n /n!] — 1 coefficients of g(z) 
vanish. For this set of coefficients we have 

ovd z= oQ(z,f 1 (z),...,f n (z))=OTd z=0 g(z) > \(X + l)(Y + l) n /nl], 

hence the claim. 

If functions fx, ■ ■ ■ ,f n are algebraically dependent, we can not provide 
an upper bound ([2]) valid for all non-zero polynomials. We naturally have to 
exclude the ideal of polynomials vanishing at (z, /i(z), . . . , f n {z))-, we denote 
this ideal by Vt- In this case, the considerations from linear algebra that jus- 
tify (jlip can not be applied to the linear space of all the polynomials, we have 
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to consider the linear space of polynomials of bi-degree bounded by (X, Y) 
factorized by Vf, the ideal of polynomials vanishing at (z, fi(z), ■ ■ ■ , f n {z)). 
The dimension of this space is bounded from below [29, j30] as a constant 
times (X + 1)(V + 1)', where t denotes the transcendence degree 

t:=tr.deg. k(z) k(«)(/i(2),..., /„(«)). (12) 

We naturally have to replace in (|lip the parameter n by t := 
tr.deg. k(z) k(z) (fi(z), /«(*)). 

To illustrate this at a more elementary level, let 

/i, •••,/* (13) 

be algebraically independent (over k(z)) functions, and let n > t. Consider 
the n-tuple of functions 

Cfi,..., ft, ft,..., ft), (14) 

that is we complete the t-tuple (fTHj) by n — t copies of ft- Clearly, the 
set of analytic functions that we can realize substituting the functions f)14[) 
in the polynomials from k[^][Xo, . . . ,X n ] coincide with the set of functions 
that we can realize substituting the functions (|13p in the polynomials from 
k[z] [Xq, . . . , X t ]. In other terms, the additional copies of ft brings us no 
extra flexibility to increase the order of vanishing at z = 0. 

Thus the best possible function that we can have at the r.h.s. of ([2]) is 

C(deg,(P) + l) (deg^PJ + l)', 

where t is the transcendence degree (|12|) . 

Another fact that we should keep in mind when proving the estimates 
of the type (|2|) is that there are sets of functions that refute any given r.h.s. 
F(X, Y) in this inequality. It happens exactly when the field h(z, fi, . . . , f n ) 
contains (very) lacunary series. For instance, let g : M + — > M + be a function 
monotonically tending to infinity and satisfying g(g{x)) > g(x) + 1 for every 
x € M + . Define ao = 1, a n+ i = g(a n ) and f\{z) = Yl'k ) =o zak - Clearly 
the polynomial Pn(z,X\) := X\ — J2k=o zClk satisfies ord z= o-P/v(-2, f\{z)) > 
g(N), whilst degP N < N. 

At the same time, quite a lot of interest in multiplicity lemma comes 
from their potential applications to the problem of algebraic independence 
of values of analytic functions. Here it is worth mentioning that the result 
of the type does not hold, of course, for arbitrary sets of functions. 
Already in 1886 Weierstrass had constructed an example of a transcendental 
entire function C — > C taking rational values at every rational point. In 
1895 Stackel generalized this result, showing that for every countable subset 
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S C C and every dense subset D C C there exists a transcendental entire 
function satisfying /(£) C D. 

For all these reasons, when one aims to prove a multiplicity lemma or a 
result of the type (j3]) , one is forced to introduce some extra assumptions on 
functions in question. Almost always these extra assumptions include the 
hypothesis of some functional relations satisfied by the set fi(z), . . . , f n (z)- 
In the modern theory of algebraic independence these functional relations 
most often take one of the following two types. 

1. Differential system. Typically one consider a system 



where R4 (z,Xi, . . . ,X n ) are rational functions (compare for instance 
with the hypothesis ([3j) in the Nesterenko-Shidlovsky theorem) 

2. Functional system. Typically it has a form 



where p(z) is a rational function of the variable z satisfying p(0) = 
and Ri(z,Xi, . . . ,X n ), i = l,...,n, are rational functions of the 
variables z, X\, . . . , X n . 

For example, when q is a complex number (satisfying |(/| > 1, say) and 
we set p(z) = qz, we find the general case of so called equations in 
q-differences, currently widely studied [T| [2| [HI [TUl [35] . 

In the case p(z) = z d , where d > 2 is an integer, we find a clas- 
sical setup of Mahler's method. If we impose the weaker condition 
ord z= of?(z) > 2 (with no extra assumption on the form of rational 
function p(z)), we find again Mahler's relations, this time understood 
in a broader sense [22l [251 ESI ESI EZ] . 

In all these cases there is a large variety of multiplicity lemmas estab- 
lished in various situations [5J El EH ES ESI ES] • 

The most general results link multiplicity lemmas with properties of 
ideals stable under an appropriate map. 




(15) 
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For example, having a differential system (|15p we can define the differ- 
ential operator D : k.[Z, X\, . . . , X n ] — > k.[Z, X±, . . . , X n ] by 

D(P)(Z,X 1 ,...,X n ) = A (Z,X 1 ,...,X n )^-P(Z,X 1 ,...,X n ) 

n , 
+ J2MZ,Xi,...,X n )—P(Z,X l ,...,X n ), (16) 

1=1 

where E C[Z, X±, . . . , X n ] are polynomials such that the rational fractions 
Ri in the system (|15p can be presented as Ri = A-JAq. Note that the 
definition (Q2D assures 

h(z), f n (z)) = A (z, h(z), f n (z))^P(z, h(z),..., /„(*)). 

We say that an ideal I of the ring C[Z, X\, . . . , X n ] is D-stable iff D(I) C /. 
The following theorem holds. 

Theorem 1.5 (Nesterenko, see Theorem 1.1 of Chapter 10, |18|). Suppose 
that functions 

/ = (/iW,..,/n(2))eC[[f 

are analytic at the point z = and form a solution of the system (|15p . 
If there exists a constant Kq such that every D-stable prime ideal V C 
C[X[, Xx,. ..,X n ],V^ (0), satisfies 

minord z=0 P(z,/) < K , (17) 

then there exists a constant K\ > such that for any polynomial P G 
C[X[,Xx, . . . , X n ], F^O, the following inequality holds 

orcUo(P(2,/)) < Ki(degx'P + l)(degxP + ir. (18) 

Remark 1.6. TVoie that the upper bound (|18j) is t/ie 6est possible, up to a 
multiplicative constant K\ (see discussion on the page\B$. 

Note that the condition (|165|) can be interpreted as the statement that all 
the differential ideals in the differential ring (A, D) lies, in a certain sense, 
not too close to the functional point (z,fi(z), . . . ,f n (z)). This statement 
was formalized by Nesterenko in [IT], he gave the name "D-property" to this 
phenomenon. In fact, this -D-property is quite mysterious in nature: it seems 
hard to provide non-trivial examples of differential rings in characteristic 
not satisfying it. At the same time, Nesterenko's theorem 15 . 91 shows that this 
property ensures essentially optimal multiplicity lemmas, hence paving the 
way for the best possible results on algebraic independence. The fabulous 
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example in this direction is the proof by Nesterenko of the fact that among 
four numbers 

e 2mz ,E 2 (z),E 4 (z),E 6 (z), 

where z € C \ {0} verifies < |e 27nz | < 1 and E 2 , E4 and E% are Eisenstein 
series, at least three are algebraically independent over Q. 

In the context of Mahler's method the corresponding general conditional 
result was conjectured but remained an open question [28] up to the re- 
cent time. In the same time, in the context of equations in ^-differences 
D.Bertrand established its analogue, with a sharp control of multiplicative 
constant (corresponding to K\ in (fT5|) ). 

In our works [36, 38^ we established a common root for all such condi- 
tional results. We succeeded to introduce a natural formalism embedding 
all the situations mentioned above and to prove a conditional result analo- 
gous to Nesterenko's conditional multiplicity estimate cited above. In fact, 
being specialized to the case of differential systems our result gave the same 
conclusion as Nesterenko's theorem, and even more: in our result we replace 
the hypothesis (|17p by a weaker one. Also, in the case of Mahler's method it 
gave the forecasted analogue of Nesterenko's theorem (again, in a reinforced 
form) . Further analysis of stable ideals in polynomial ring allowed to deduce 
new multiplicity estimate within the context of Mahler's method and as a 
consequence to provide new results on algebraic independence [361 EZ] • 

At the same time this general result has a drawback. It was established 
for the case of algebraically independent functions (/i,...,/ n ). However, 
in many situations of interest one may need a multiplicity estimate for al- 
gebraically dependent functions. For example, in the context of Mahler's 
method, when applied to generating series of finite automata, it is quite 
usual to complete a set fi, ■ ■ ■ , f r with some new functions, / r +i, • • • , fm m 
order to form a complete solution of a system of functional equations. These 
functions sometimes appear to be algebraically dependent with /1, ... ,/ r 
(over C(z)). So even in the case when we aim to prove that the values 
fi(a), . . . , f r {oi) are all algebraically independent, it may appear to be very 
useful to be able to treat the case of algebraically dependent functions. 

In this article we develop further and extend the techniques elaborated 
in |36j and |38| . We obtain a general multiplicity estimate, see Theorem 14. 1\ 
optimal up to a multiplicative constant and applicable in the case of alge- 
braically dependent functions. 

There is a subtle point concerning the stable ideals in the case when the 
functions fi, ■ ■ ■ , f n are algebraically dependent, or, using the notation Vf 
introduced above, if Vf 7^ {0}. The point is that in the case of differential 
system, as well as in our more general framework with the map rf>, the ideal 
Vf is ^-stable. At the same time, the distance from the corresponding 
variety to / is 0, as Vf vanishes at /. This fact immediately ensures that 
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the D-property [T71 [18], as well as the weak ^-property [361 EE] do not 
hold. Hence the theorems stated in all the previous variants automatically 
have this important hypothesis failed, as far as functions in question are not 
algebraically independent. 

However we neatened our formalism, allowing to exclude from the con- 
sideration all the ideals that vanish at /, hence removing this difficulty. 

Theorem 11.71 below presents a simplified version of the central result of 
this article (for the full statement, we refer the reader to Theorem 14. ip . In 
this theorem we assume the following situation. Let k an algebraically closed 
field and let A = k[X' , X[, Xq, . . . , X n ] be a polynomial ring bi-graduated 
with respect to (deg X ', deg^) . Consider a point 

l=(l:zA:f 1 (z):---:f n (z))eFl [[z]] x¥» [[z]] 

and a map <j) : A^f A. We assume that the map (ft is /-admissible. This lat- 
ter notion is introduced in Definition 12. 171 However on the first acquittance 
the reader may find more comfortable to postpone the reading of this defi- 
nition and just keep in mind that both derivations and algebraic morphisms 
non-degenerated at the point / are /-admissible, this notion is a common 
generalization for these two kinds of maps. 

We denote by tf the transcendence degree 

tf_ := tr.deg. k(z) k (/i(z), . . . , f n (z)) , (19) 

by Vf the bi-homogeneous ideal of polynomials from A vanishing at / and 
by rf the rank of the ideal Vf. Note that in view of these definitions we 
have tf + rf = n + 1. 

In the statement of Theorem 11.71 we use also the notation m(J). It 
is introduced formally in Definition 12.121 informally it can be interpreted 
as a number of irreducible components (counted with multiplicities) in the 
variety V(I) associated to the ideal /. We also use the quantity ordjQ, 
introduced in Definition 12.151 Informally speaking, it measures how close is 
the point / to the zero locus of the ideal Q: bigger is the quantity ordjQ, 
closer is the point / to the zero locus of the ideal Q. At extremity, if all 
polynomials from Q vanish at /, we have ordjQ = +oo. On the first reading, 
the reader may find it comfortable to substitute minp e gP(/) instead of 
oidfQ. In many situations these two quantities coincide, and in any case 
we have minp e gP(/) > ordjQ. 

Finally, we say a few words on the (</>, /C)-property playing an important 
role in the statement of Theorem 11.71 This property is described in Defini- 
tion 12.191 The tC in the notation refer to a family of bi-homogeneous ideals 
of the ring A. We say that the (tp, /C)-property holds, if for every ideal I C JC 
that verifies 0(1) C /, we can find a prime factor Q € Ass (A/ 1) that admits 



10 



a nice upper bound for ord/Q (informally speaking, Q is not too close to 
the point /). 

Theorem 1.7 (Formal multiplicity lemma, simplified version). Let k, A, 

f and (j) be as above, and let Cq,C\ G M + . Assume that the map (ft is f- 
admissible. We denote by K, the set of all equidimensional bi-homogeneous 
ideals I C A of rank > 1 + rj, such that Vf C I , f ^ V(I) and m(I) < C m 
(C m is an absolute constant introduced in Definition \2.32\) . and moreover 
such that all its associated prime ideals satisfy 

ord/Q > C . (20) 

Assume also that f has the (4>,IC) -property (see Definition \2.19\) . 

Then there exists a constant K > such that for all P G A, satisfying 
P(l,z, 1, fi(z), . . .,f n (z)) satisfy also 

ord z=0 (P(/)) < if ((// + v )(degx> P + 1) + v x deg^P) X/Z^deg^P+l)^. 

(21) 

Now it is a good point to say a few words about the ideas that we use in 
our proof. We present this short overview of our proof in a few of subsequent 
paragraphs. Note that at some points, for the sake of simplicity, we simplify 
some formulae, as compared to the formulae given in the main text. The 
reader will find later that the presented principles work as well if we use 
heavier variants from the main text. 

We start with a polynomial 

PiXojXiyXo, • • • , X n ) G A := k[X , X[,Xq, . . . , X n ] (22) 

bi-homogeneous in groups of variables X[ and X_. To establish a multiplic- 
ity lemma, we have to provide an upper bound for the order of vanishing of 
this polynomial at the functional point / := (1, z, 1, fi(z), . . . , f n {z)). From 
some point of view, which we clarify in our article, the big order of vanishing 
ord z= oP(l, z, 1, fi(z), . . . , fn(z)) can be interpreted as a small projective dis- 
tance from the point / G P 1 x P n to the (bi-projective) hypersurface defined 
by the polynomial P. 

We use a transference lemma, recently established by P. Philippon [30] 
(see section [3] in this article), to find in this situation an algebraic point a 
with a small projective distance to /, lying in the zero locus of P and such 
that every polynomial from A (see (|22|) ) vanishing at / vanishes also at a. 
To this a, we associate a certain couple of integers (5q,5i). We define this 
integers with two properties: 

1. there exists a bi-homogeneous polynomial Q G A of bi-degree (5o,5i) 
vanishing at a and does not vanishing at / and 
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2. the couple of integers (do, <5i) minimizes (for the polynomials satisfying 
the point [1]) a certain linear form related to V, the ideal of definition of 
a (more precisely, it should minimize the linear form (j52[) given below, 
where one substitutes I := V and the absolute positive constants p,, 
vq and v\ are defined with the general framework). 

To clarify the situation a little bit, we say that the analogue of the couple 
(5o,5i) m the projective (and not bi-projective) space would be a minimal 
possible degree of a homogeneous polynomial vanishing at a and not van- 
ishing at /. 

In the subsequent paragraph, it is customary to use the notation "Pf for 
the bi-homogeneous ideal of polynomials from A vanishing at /. 

It appears that the polynomials vanishing at a, not vanishing at / and 
of a bi-degree comparable to (60, 5\) have nice properties allowing us to 
complete our proof. In our general framework, we consider a map <f> '■ A — > A 
such that the bi-degree of 4>(P) can be controlled in terms of bi-degree of P, 
and the order of vanishing at / of <j)(P) can be controlled in terms of order 
of vanishing at / of P. So, we introduce constants pi, i = 1, . . . , n + 1 (see 
Definition 12.27ft . which depends on the transformation <j) only. We consider 
ideals that we denote I(Vi,V), i = 1, . . . ,n + 1, generated as follows. We 
take an ideal generated by Vf and all the polynomials of bi-degree at most 
Pi times bigger than (5o , 5\ ) (see Definition 12.271 for more precise formula) 
vanishing at a and do not vanishing at /, consider all its minimal primary 
factors that belong to the ideal V (the ideal of definition of a) and take there 
intersection. From the geometrical point of view, we intersect the variety 
corresponding to Vf with all the (bi-projective) hypersurfaces defined over 
k, passing by a, do not passing by / and of bi-degree bounded by (pi5o, Pi6\), 
and in this complete intersection we choose the irreducible varieties passing 
by a. 

The crucial property is that the the number of irreducible components, 
counted together with their multiplicities, in the variety corresponding to 
I(Vi,V) is bounded by a constant that depends on pi only (see Lemma [2.3ip . 
Using this property, we deduce that either the dimension of I(Vi,V) is at 
most n + 1 — i or at least one of the radical of primary components of this 
ideal is a ^-stable ideal. In the latter case, we use the fact that all the 
primary components of I(Vi,V) are contained in V, the ideal of definition 
of a. This property readily implies that all the components of I(Vi,V) are 
sufficiently close to the point / (as the point a was constructed to be close 
to / ). On the other hand, using a variant of Bezout's theorem we provide 
a nice control of bi-degree of I(Vi,V), hence of all its primary components. 
These two bounds put together contradict our ((f), /C)-property, introduced 
in Definition 12.191 So, assuming in our main result, Theorem 14.11 that the 
(4>, /C)-property holds, we exclude this possibility. 
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To complete the proof, we remark that if the dimension of I(Vi,V) is 
at most n + 1 — i for i = 1, . . . ,n + 1, then I(V n+ i,V) is necessarily 0- 
dimensional, and this is impossible as by construction all the minimal ideals 
of I(y n+ i,V) are contained in the one-dimensional ideal V . 

To finish this introductory part, we remark that in fact we can consider, 
instead of one only map eft, a (possibly infinite) family of maps fa, i 6 I. All 
we need to verify is that 

1. all these maps satisfy the properties ([23")) and ([25]) . presented below, 
with uniform constants A, (i, vq and vi and 

2. all these maps are locally correct at / (see Definition 12. 16ft : for exam- 
ple, this second point is automatically hold if these maps are deriva- 
tions or dominant algebraic morphisms (see [38j, section 2.2). 

If these two conditions are satisfied, the proofs presented in this article can be 
transfered verbatim to the more general situation, with the transformation 
4> replaced by the family fa, i E I. In this case, the condition on ^-stable 
ideals is replaced by the same condition on the ideals stable under all the 
(pi, i G I. It seems that in certain situations it can restrain significantly the 
amount of ideals subject to be studied. 

Nevertheless, in this paper we restrain our considerations to the case 
when we have only one transformation. The reason for this is, on the one 
hand, the purpose not to overcharge the paper with technical details, whilst 
it is already quite complicated from this point of view. On another hand, 
the reader who takes the effort to make out the proofs in this article will 
find it easy to pass to the case of many transformations. 

2 Framework, definitions and first properties 
2.1 General framework 

As in |38) . we start the paper with the section recalling the general frame- 
work imposed in our studies (see [3"5]). 

We denote by k a (commutative) algebraically closed field of any char- 
acteristic, and by A a ring of polynomials with coefficients in k: A = 
k[X^, X[][Xq, ...,X n ]. We consider the ring A as bi-graduated with respect 
to deg x > and deg x - 

Remark 2.1. The assumption that field k is algebraically closed in fact is 
not a constraint. We readily extend our results to an arbitrary field using 
an embedding of a field in its algebraic closure, k C k. We refer the reader 
to \3^ , Remark 2.1 for more details. 
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We fix a set of functions fi(z), . . . , f n (z) € k.[[z]] and we denote by / the 
set (1, z, 1, fi(z), . . . , f n (z)). Note that one can consider / as a system of 
projective coordinates of a point (1 : z, 1 : fi(z) : ... : f n {z)) £ ^k[[z]] x ^k[[z]]- 
By a slight abuse of notation we also sometimes denote / = (1 : z, 1 : 
/i(z) : ... : fn(z)) € Pyr^i] x ^k[[z]]- Our nna l & i m i n this article is to 
provide multiplicity estimate for functions fi(z), . . . , f n (z)- 

The main difference with our previous article [38] consists in the fact 
that we drop the assumption that all the functions fx , . . . f n are algebraically 
independent over k(z). The following definition introduces the notions that 
allow to control this dependence. 

Definition 2.2. We denote by Vf the bi-homogeneous ideal of polynomials 
P € A satisfying P(f) = 0. Also, we denote by Cf > 1 a constant such 
that Cf > 1 and such that the ideal Vf is defined by polynomials of bi-degree 

bounded by Cf, (deg X ' P, deg x P) < (Cf,Cf\. We define by t = tf the 
transcendence degree 

t = tf_:= tr.deg. c(2) C (fi(z), f n (z)) 

and by rf the rank of the bi-homogeneous ideal Vf. In view of these defini- 
tions we have the equality 

tf_ + r L = n. 

To provide multiplicity estimate for / we need an additional structure. 
This structure will be encoded in properties of a map <p below. We do not 
suppose a priori that <fi respects any classical structure defined on A, for 
example that one of the polynomial ring. Instead we impose some conditions 
on this map that are suitable for our purposes and applications we have in 
mind. For instance, we assume (|23|) and (|26p below. 

We fix a bi-homogeneous map (ft : A — > A such that for all bi- 
homogeneous polynomial Q £ A one has 

degx<p(Q) < udegxQ, 

deg K ' <j)(Q) < v Q degx* Q + v x deg^ Q 

with some positive constants fi, vq > and a non- negative constant v\. 

Notation 2.3. We denote by cj) N the N-th iteration of the map (f>. 

Using recurrence on the hypothesis (|23p one readily establishes the fol- 
lowing lemma. 
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Lemma 2.4. Let N be a positive integer and Q € A be a bi-homogeneous 
polynomial. Then, 

deg^ N (Q) < » N deg K Q, (24) 
de gxl <j> N (Q) < ^deg^Q + ^^^-V^deg^Q. (25) 

Proof. See [38], Lemma 2.5. □ 
We assume that there exist two constants A > and K\ > such that 
ord z=o 0(Q)(/) > Aord z=0 (Q(/)). (26) 

for all bi-homogeneous polynomials Q 6 A satisfying ord z= o(Q(/)) > K\. 

Two typical examples of a map eft satisfying (|23p and (|26p are derivations 
and algebraic morphisms. 

Our principal result, Theorem 14. 1[ is proved for maps satisfying these as- 
sumptions, as well as one additional assumption described in Definition 12. Hi 

The proof can be found in [38] (see Lemma 2.5 loc.cit.). 

Remark 2.5. We will need to consider <p as acting on h[z][Xo : ... : X n ] by 
setting 



<KQ) = ^(X'^^QiX'jX'^Xo : ... : X n 



(27) 



{X' :X[)={l,z) 

for all Q G k[z][Xo : ... : X n ] homogeneous in Xq, . . . ,X n . 
This map (j) satisfies 

degx<f>(Q) < /xdeg^Q, 
h(<P(Q)) = deg 2 <P{Q) < u deg z Q + v x deg^Q (28) 
< v Q h{Q) + v\ degQ. 

2.2 Definitions and properties related to commutative alge- 
bra 

Definition 2.6. Let L C A be a bi-homogeneous ideal. We denote by V(/) 
the sub-scheme of P 1 x P n defined by I . Conversely, for any sub-scheme 
Vof¥ l y. P n we denote I(V) the bi-homogeneous saturated ideal in A that 
defines V. 
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Definition 2.7. Let V be a k-linear subspace of A and V C A a prime ideal. 
We define I(V, V) to be the smallest bi-homogeneous ideal of A containing 
iVA-p) P\A, where Ap denotes the localization of A by V and VAp denotes 
the ideal generated in A-p by elements ofV. 

Remark 2.8. Ideal I(V, V) is the intersection of the primary components 
ofVA contained in V . 

Definition 2.9. We say that an ideal I C A is ^-stable if and only if 

Hi) c /. 

Definition 2.10. Let I be a bi-homogeneous ideal of the ring A and 

i= Q 1 n---ng r nQ r+ in...ng s (29) 

be its primary decomposition, where Qi,...,Q r are the bi-homogeneous pri- 
mary ideals associated to the ideals of minimal rank (i.e. of rank rk(I)J and 
Qr+\,---,Qs correspond to the components of rank strictly bigger than rk(J). 

We denote by 

eq(J) d ^ f Q 1 n • • • n Q r (30) 
the equidimensional part of the minimal rank of I. 

We give now a preliminary definition, it will be needed in Definition 12, 171 
which introduces a property important for our main result. 

Definition 2.11. We say that a map (ft : A —> A is correct with respect to 
the ideal V C A if for every ideal I, such that all its associated primes are 
contained in V, the inclusion 

HI) C eq(J) (31) 

implies 

0(eq(J)) C eq(I) (32) 
(recall that eq(I) is introduced in Definition \2. 10\) . 

Two important examples of correct morphisms are derivations and (dom- 
inant) algebraic morphisms (see [38], section 2.2 for proofs and some more 
discussions on the class of correct maps). 

Definition 2.12. 1. Let V be a prime ideal of the ring A, V a "k-linear 
subspace of A and <fi a (set-theoretical) map of A to itself. Then 

e<p(V,V) = max(e|rk((F + 0OO + ... + <p e (V))Ap) = rk(VA v )). 

(33) 
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2. Let 1Z be a ring and M be an IZ-module. We denote by I-ji(M) the 
length of M (see p. 72 of 113)/ for the definition). In fact we shall use 
this definition only in the case 1Z = A-p and M = (A/I)j>, where I 
denotes an ideal of A. 

3. Let I be a proper ideal of the ring A, 

m{I) = m(eq(/)) d M £ l Av ({A/I) v ) e . (34) 

V£Spcc{A)\rk(V)=rk(I) 

Note that the quantity m(I) is the number of primary components of / 
counted with their length multiplicity. 

2.3 Definitions and properties related to multi-projective 
diophantine geometry 

In this section, we shall see the notions of (bi-)degree and height of a variety. 
We give here several properties of these quantities that we shall use later. 
For a more detailed introduction the reader is invited to consult Chapters 5 
and 7 of [18] or Chapter 1 of ESI. 

2.3.1 Heights 

Let K be an infinite field. Assume that there exists a family A4k of absolute 
values, (| • \v) v& _m k j satisfying the product formula with exponents n v : 

Yl |a|™ u = 1 for every a£K\ {0}. 

It is a classical result that if L is a finite extension of K, then absolute values 
from A4k can be extended to a form a family Mi of absolute values on L, 
satisfying a product formula with exponents ( n w) we j(4 L - 

Y[ \a\™ w = 1 for every a G L \ {0}. 

In this situation we can define a notion of the height for different objects 
defined over K. 

Example 2.13. 1. K = Q, Mk = {prime numbers} U {oo}. If p is a 
prime, \ ■ \ p is equal to the p-adic absolute value (normalized to have 
\p\ p = p^ 1 ) and j • [oo is equal to the usual archimedian absolute value 
over Q. The product formula in this case is a consequence of the 
fundamental theorem of arithmetics. 
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2. K = k(z), where k denotes an algebraically close (commutative) field, 
and Mr = IPjk- We associate to every element v G Mr the absolute 
value exp(— ord„). The product formula results in this case from the 
uniqueness of the polynomial factorization. 

To every ultrametric place v we naturally associate the valuation ord„. 
For the commodity of notation in what follows, we introduce the following 
notation for every valuation, archimedean as well as ultrametric ones. We 
define for every absolute value | • \ v (ultrametric or archimedian) ord„a := 
— log \a\ v for every a G K*. 

Height of elements. We start by recalling the notion of the height of an 
element from K. So let's take a finite extension L D K and let Ml denotes 
a family of places of L extending Mr. For every v G Ml we denote by L v 
the completion of L with respect to v and 

n v := [L v : K v \. 

For every aCLwe define 

h L (a) := - _ ^ n 1 ,min(0,ord t ,(a)), (35) 
ue.A/fL 

In fact this definition does not depend on the extension L chosen in the 
beginning: if L C L' C K, [V : L] < +00 and a G L we have /iL'(a) = 
/i L (a). 

More generally, let a G P^, we fix a representative a£if of a and 
a finite extension L of K such that all the coordinates of a belong to this 
extension. We set 

dcf 1 

h{a) = - ^ ^2 n„min(ord t ,(a ), ...,ord„(a„)). (36) 

veM L 

One readily verifies that this definition does not depend on the choice of the 
representative a neither on the choice of the extension L. 

In view of these definitions, for any a G L we have /il(«) = h(l : a). 

Height of forms. Let L be a finite extension of K and let F G 

L[yP~\ . . . ,u^] be a non-zero multihomogeneous form. For every place v of 
L (archimedean or non-archimedian) we denote by M V {F) the maximum of 
the u-adic norm of the coefficients of F. 

We define then the height of the form F to be 

h{F) = \lTk] Xf n ^ M ^- < 37 ) 
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We complete this definition by h(0) = 0. Note that replacing L by its finite 
extension does not affect the value h(F). 



2.3.2 Bi-degrees 

1. In the case of an hypersurface, i.e. if the variery V C Fl x P™ is the 
locus of the zeros of a bi-homogeneous polynomial P £ A, the bi-degree 
is a couple of integers (deg X ' P, deg x P) ■ In this case it is common to 
write also deg 1 n _\V := deg x P and deg n V := deg X ' P. In general 
the bi-degree of a variety V C P 1 x P n is a couple of integers denoted 
often as ^deg odim( y) V, deg ldim ^ v ^_ 1 V^j . This notation is explained 
in Chapter 5 of JS]. 

2. If V = V\ U • • • U V r is a decomposition of V in a union of irreducible 
components, we have 



r 



dim i>n _j V = > dimj )n _i Vj, % = 0, 1. 



3. For any irreducible variety V C IP 1 x P n and any hypersurface Z C 
P 1 x P n of bi-degree (a, 6), such that V and Z intersect properly, there 
exists a variety W such that its zero locus coincides with intersection 
of zero loci of V and Z (hence dimPF = diml/ — 1), and W satisfies 

deg(i id im(v)-2)(^) = fr- d eg(i,dim(v)-i)(K>> (38) 
deg (0j dim(V)-i) (W) = a- deg (1)dim(v) _ 1) (V) + b ■ deg (0jdim(y)) (1^9) 

We shall denote such a variety W as V n Z. 

4. Let W C PJVn be a subvariety. We can replace (1 : z) by (X' : X[) 

transforming W into a subvariety W C P^ x P^. Our point here is that 
If is a bi-projective variety over k, whilst W is a projective variety 
over k(z). In this case we have a direct link between the height and 
the degree of W on one side and the bi-degree of W on another side. 
Notably, the height of W equals h(W) = deg, Q aw^m (W) and the 
degree of W is deg(VF) = deg (l dim(vj/) _ 1) (iy). 

5. We can associate to any bi-homogeneous ideal I C A (resp. any homo- 
geneous ideal J C k[z][Xo, . . . ,X n ]) a bi-projective (resp. projective) 
variety V(I), thus defining degj „ +1 _ rk m_j I, i = 0, 1 (resp. deg(7) and 

Hi))- 

We shall use later the following lemma. It is a variant of the so-called 
Bezout's theorem. 
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Lemma 2.14. Suppose that a bi-homogeneous ideal I C A has rank r, 
contains a bi-homogeneous ideal V C I of rank r-p and is generated by V 
and r — r-p bi-homogeneous polynomials of bi-degree upper bounded by (a, b). 
Then 

deg (lin _ r) (I) < deg {hn _ rp) V-b r -^, (40) 
deg (0jn _ r+1) (/) < (r-r v )deg^ n _ rv) V-a-b r -^- 1 (41) 
+ deg {0 ^_ rv+1) V-b r -^. 

Proof. This is a consequence of Propositions 3.4 and 3.6 of Chapter 5, [15] . 

□ 

We shall regularly use the valuation ord z= o on the ring k[[z]] of formal 
power series. This valuation induces the notions Oid(x,V) and ord(:c, V), 
both measuring how far a point x is in a (multi-)projective space from a 
variety V belonging to the same space. In some related articles, these quan- 
tities may be denoted by Dist(x, V) := exp(— Ord(x, V)) and dist(x, V) := 
exp(— ord(x, V)). Precise definitions could be found in [18], chapter 7, 
§ 4 and [36J, chapter 1, § 3. We shall interchangeably use the notation 
Ord^y := Ord(x, V) and oid x V := ord(:r, V) 

In order to make this article self-contained we introduce briefly these 
notions. In this article, we define the quantity Ord only in cases when V is 
either 0-dimensional or a hypersurface. This is the only cases when we make 
use of Ord. We refer the reader to [15] . Chapter 7, § 4 and [36], Chapter 1, 
§ 3 for the general treatment. 

Definition 2.15. 1. If x = (xo,...,x n ) E k((z)) n+1 , we define 
ord z=0 x = minj =0 ,..., n ord z=0 Xj. 

2. Let x, y £ ^£rr z \\ be two points and x and y be systems of projective 
coordinates respectively for x and y. We define x Ay to be a vector 
with n{n — l)/2 coordinates (xiyj — x jVi)\<i < j< n (the ordering of co- 
ordinates Xiyj — xjyi of this vector is not important for our purposes). 
Finally, we define 

ord z=0 (x, y) := ord z=0 (x Ay)- ord z=0 x - ord z=0 y. (42) 

One readily verifies that the r.h.s. in \J±2^ does not depend on the 
choice of systems of projective coordinates for x and y. 

3. Let x, y G ^k(( z )) x ^k((«)) an< ^ ni ( res P- ^n) be a canonical projection 
°fK« z) ) * "?( W ) ^KiM) ( res P- F H(^- We de fi ne 

ord z=0 (x,y) := min ord z=0 (tt%(x), n(y)) ■ (43) 

i=l,n 
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4- Let V C P 1 x P" (or V C F n ) be a variety. We define 



ord z=0 (:c, V) := maxord z=0 (s, y) . 



(44) 



5. Sometimes we shall write simply ord(x,y), ord(x,V), Oxd(x,V) etc. 
instead of oid z= o(x , y) , ord z= o(x, V), Oid z= o(x,V) etc. This will not 
create any ambiguity because we shall be interested in only one valu- 
ation ord z= o, so all the derived constructions, such as ord(x, y) and 
ovd{x,V), will refer always to this valuation. 

6. We shall use the notation ovd x (y) to refer to ord(x, V) = ord z= o(x, V) 
introduced in this definition. 

We proceed to introduce Ord(x, V) for the cases when dim(V) = or V 
is a hypersurface. 



1. If V is O-dimensional over k((z)), it can be represented as a union of 
r points y\, . . . ,y r (in fact, r = deg(V)) and we define Oid(x,V) := 
Ya=i Ord(x, yi). In particular, if V contains just one point over k((z)), 
we set Ord(x,y) = ord(x,y). 



2. If V = Z(F), where F € k[X' ,X[][X , ...,X n ], then for any system 
of bi-projective coordinates x = (x' , x'i, xq, . . . , x n ) of x we have 



(see p. 89 of UBI). 

Now we are ready to introduce the key notions of /-admissible map 
and of ((f), /C) -property (see Definitions 12.171 and 12. 191 below). These notions 
are used in the statement of our main result. We start with a preliminary 
definition. 

Definition 2.16. Let k be a field and f = (1, z, 1, fx, . . . , /„) G k[[z}] n+3 . 
Let (j) : A A be a bi-homogeneous self-map of a polynomial ring 
A = k[X' , X[] [Xq, . . . , X n ] and Cq S M + be a constant such that for all 
bi-homogeneous prime ideal Q C A of rank n one has 



In this situation we say that <fi is locally correct at /. 

Definition 2.17. We say that a bi-homogeneous map <fi : A — > A is f- 
admissible (or simply admissible ) if it is locally correct at f and satisfies \23\) 
and (Op. 



Ord(x, V) = ord z= o-F(x) — (ord z= ox) 



degF 



ord/Q > Cq the map (ft is correct with respect to Q. 



(45) 
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Remark 2.18. Corollary 2.24 °f [38] implies that derivations are f- 
admissible maps for arbitrary f . Also, corollary 2.25 of 138)1 implies that 
under some mild restrictions (essentially, to be non- degenerate in the neigh- 
bourhood of the point f) algebraic morphism T* is an f -admissible map. 

Definition 2.19. Let A be a polynomial ring and (ft : A — > A a map. Let K, 
be a subset of the set of ideals of A. 

Suppose that there exists a constant Kq € M + (depending on KL, (ft and f 
only) with the following property: for every ideal L € fC that is (ft- stable (i.e. 
(f)(1) C L) there exists a prime factor Q £ Ass(A/L) satisfying 



ord/(Q) < K (deg (0jn _ rkS+1) (Q) + deg (ljn _ rkQ) (Q)J . (46) 

In this situation we say that f has the ((ft, /C)-property, or, if the choice of 
f is obvious, we say also that one has ((f), /C)-property (or also that couple 
(4>,IC) satisfies the weak ^-propertyj. 

Remark 2.20. The name ((ft, /C)-property is chosen to make a reference to 
the D-property introduced by Nesterenko in \17$ . In the case when tC is a set 
of prime ideals and (ft = D is a derivation our ((ft,IC) property is a weakening 
of D-property. Indeed, the D-property is as follows: we require the existence 
of a constant C\ such that for every D-stable prime ideal V one has 

minord/P(/) < Ci. (47) 

It is easy to verify that minp g p ordfP(f) > ord/(P) ; hence the following 
property is weaker than (|4"T|) (that is (|4T|) implies (|48p ); 

ord/(P) < Ci. (48) 

In the inequality (|46p above we have even weaker condition: the r.h.s. 
of (|46p grows as grows the complexity of the ideal Q. 

We mention here two technical lemmas that we shall use later, notably 
in the proof of Proposition 14.41 Proofs are easy and can be found in [36], 
Chapter 1. 

Lemma 12.211 below provides us a possibility to replace the quantity 
Ord(X, Y), measuring the distance between two points X and Y in a projec- 
tive space, by a quantity that is easier to control in the situation considered 
in the proof of Proposition 14.41 



Lemma 2.21. Let I,f£ P^___ be two points in the projective space. 



-n+l 



a) Let x G k((z)) be a system of projective coordinates of X and 

n+l 

y £ ^((z)) be a system of projective coordinates ofY satisfying 

ord z=0 x = ord 2=0 y. 
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Then 

Ord z=0 (X, Y) > ord z=0 (x - y) - ord z=0 y. (49) 
b) Suppose Ord z= o(X,Y) > ; if we fix for Y a system of projective 

71+ 1 

coordinates y in k.((z)) , then there is a system of projective coordinates 

n+l 

x £ k((z)) of X satisfying 

a) ord z=0 x = ord z=0 y, 

(50) 

p) Ord z=0 (X, Y) = ord z=0 (x - y) - ord z=0 (y) 

Proof. See Lemma 1.22 of [36]. □ 

Lemma 2.22 (Liouville's inequality). Let Q E k(z) and Z be a cycle in 
of dimension defined over k.(z). Then 



deg(Q)h(Z)+h(Q)deg(Z) > 



^2 ord -o (Q($) 



(51) 



Proof See inequality (1.20) at the end of section 1.2.2 of [36J. □ 

In Definition 12.231 here below we associate to each bi-projective ideal I 
a couple of integers, (8q(I),5i(I)). This quantity plays an important role in 
our article. It seems to be quite complicated at first glance, so we make a 
short intuitive comment to explain it in Remark 13.41 just after the definition. 

Note that in Definition 12.231 below we use constants fi, vq and v\. These 
constants are supposed to be the same as in the property ([23|) . In fact we 
shall use Definition 12.231 only in situations when we have a map <p with a 
fixed choice of constants fx, and v\ to satisfy the property (f23j) . Hence 
this implicit dependence will not lead to any ambiguity. 

Definition 2.23. 1. Let I,V C A be bi-homogeneous ideals, such that 
I qt V ■ We choose a bi-homogeneous polynomial P € I \V that 
minimizes the quantity 

^deg (0) „_ rk/+1) /degx P + i/ deg (lin _ rk/) /deg^/ P 

+ i/ideg (ln _ rkJ) /degx-P. (52) 

If there exists more than one bi-homogeneous polynomial from I \ V 
minimizing h5$fy we choose among them the polynomial with the min- 
imal degree deg x P- We introduce notation 5q(I,V) == deg x > P and 
S 1 (I,V)=deg x P. 
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2. For all cycles Z (defined over k) in P 1 x P n and such that T{Z) <f. V 
we define Si(Z,V) = f Si(X(Z),V), i = 0, 1. 

3. Let / = (1 : z,l : h(z) : ... : f n (z)) € j x F" recall 
Definition \2.2l where the bi-homogeneous ideal Pf is defined as a bi- 
homogeneous ideal generated by polynomials P € A vanishing at f. 
We introduce the notations 

5i(I,f) := 5i(I,Vf) and Si(ZJ) := 8i(Z,Vf) for i = 0, 1, 

for all bi-homogeneous ideals I such that I <f_ Vf and all cycles Z C 
P 1 x P n such that I(Z) <f_ Vf. 

Remark 2.24. The quantities that we shall use in the subsequent consid- 
erations are eventually 6{(I, f) and 5i(Z, /), i = 0, 1. Note that Si(I, {0}) = 
5i(I), i = 0,1, in the sense of Definition 2.37 from \3^ . hence if functions 
fi(z), . . . ,f n (z) are algebraically independent overk(z) we have 5i(I,Vf) = 
6~i{I), i = 0, 1 and we appear in the situation considered in JffffJ /. 

The quantities d~i(I, f), i = 0,1, plays in our proof s a role of an important 
characteristic of an ideal I. We refer the reader to 138]/ . Remark 2.38 for 
more detailed discussion on this matter. The modification that we have 
introduced in this work, compared to Si(I) in [38], has the following reason. 
In our proofs we consider ideals generated by bi-homogeneous polynomials 
of degree comparable to 6i(I,f), i = 0,1 (for instance, see Definitions \2.27\ 
and \2. 28\ below). The essential part of the proof is the comparison for such 
ideals I of their degrees degl and the quantities ordfl. Loosely speaking, we 
deduce the multiplicity estimate from the statement that in our construction 
the ideals of a bounded degree can't have an arbitrary big order of vanishing 
at f . However we naturally have to exclude all the polynomials vanishing at 
f, that is Vf (see Definition \2.2\) . 

Here is the first property of the quantity [5q{L, f),8\(L, /)). 
Lemma 2.25. Fix a point 

l=(l:z,l:f 1 (z):...:f n (z))e¥l [[z]] x^ [[z]] 

and consider a sequence of cycles Zi C P 1 x P n , E N, defined over k and 
such that f £ Zi for i £ N. If ord/(Zj) tends to +oo (as i — > oo), then 
max (5o(Zi, f),5\(Zi, /)) also tends to the infinity (as i — > co). 

The proof of Lemma [2. 25 1 is easy and can be found in |36| (Lemma 1.23). 
We shall need only its weak corollary: 

Corollary 2.26. Let z, f\{z), . . . , f n {z) € k[[z]]. There exists a constant 
C sg which depends only on / = (1 : z, 1 : fi(z) : ... : f n (z)) £ P^ W] x P^ 
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such that if a cycle Z C P 1 x P n ( defined over k ) does not contain f and 

max(/i,i/|)) ' 



satisfies ord/Z > C sg , then either 5o(Z,f) > max(4, 2nl + 1, ma 32 „ s ) or 



<5i(Z,/) > max(2 n ,4n). 

The following definition is widely used in the subsequent considerations. 

Definition 2.27. We define a sequence of numbers pi recursively. We put 
po = 0, pi = 1 and 

Pl+l = 6"+ 2 (n + 2)<"+ 1 > a /3 J+ a max (p, ^)6^<«+^ V 1 

for i = l,...,n + 1. The constants p, vq and v\ in this definition are the 
same as in 02 



Let Z be an algebraic bi-projective cycle defined over k in the space P 1 x 
P n . Let 

l=(l:z,l:fl(z):...:f n (z))eFl M] xF£ M] . 

We denote by V{, or more precisely by V{(Z, f), the vector space (overh) gen- 
erated by Vf (see Definition \2.$fy and the bi-homogeneous polynomials from 
k[X' : X[,Xq : ... : X n ) vanishing over the cycle Z and of degree in X at 
most pi (6 (Z,f) + max ^ o) <5i(Z, /)) an d of degree in X at most pi5i(Z,f) 
(recall that So(Z,f) and 6±(Z,f) are introduced in Definition W. 



If I is a proper bi-homogeneous ideal of A we also use the notation 

Vi(I) := Vi(y(I)), 
where V(I) is the cycle o/P 1 x P" defined by I. 

Definition 2.28. We associate to every bi-projective variety W and a point 

l=(l:z,l:f 1 (z):...:f n (z))e¥l [[z]] x^ [[z]] 

a number io(W, f). We define io(W, f) to be the biggest positive integer such 
that rk (I (Vi(W~f),l{W))) > i + rjfor all 1 < i < i (W). 

Remark 2.29. In view of Definitions [2723\ and ~2.27\ one readily verifies the 
inequality 

rk(j(Vi(W,/),J(W))) > 1 + r/. 

So, the index io(W, f) > 1 + rf is well defined for all varieties W . On the 
other hand the rank of any bi-homogeneous ideal in A can not exceed n + 1, 
thus io(W, /) < n + 1 for every variety W C P 1 xP". 

The lemmas below represent two important ingredients of the proof of 
our main result. 

The proof of Lemma 12.301 can be found in [38], §3 or in [36], subsec- 
tion 2.2.2. 



25 



Lemma 2.30. Let V be a prime ideal of A such that the map <fi is correct 
with respect to this ideal and let V C A, V ^ {0}, be a ^-linear subspace of 
A. If e^iy, V) > m(I(V,V)), then there exists an equidimensional ^-stable 
ideal J such that 

a) I(V,V) CJCV, 

b) rk(J) =rk(J(V,P)), 

c) all the primes associated to J are contained in V. 
In particular, 

m{J) < m{I{V,V)), 

deg(i in _ rkJ) J < deg {l)n _ rkI{vv)) (I(V,V)), (53) 
deg ( o,n-rkj+i)^ < deg (0in „ rk/( y iP)+1) (/(y,:P)). 

Lemma 12.311 below is an analogue of Lemmas 2.18 and 2.21 of [36], or 
also of Lemma 2.44 of [38]. We prove this lemma in the next section. 

Lemma 2.31. Let 

/=(l:z,l:/ 1 (z):..,/„(z))e4 H xP^ ]] . 

Let V d Abe a prime bi-homogeneous ideal such that Vf C V and V(V) is 
projected onto P 1 . We recall the notations Vi = Vi(V,f) and pi introduced 
in Definition \2.21\ and I(Vi,V) = (ViAv) H A introduced in Definition \2~. 



Assume that either 5q > max |^2, max ^ U( ^ j or o~i(V,f) > 2". One has the 
following upper bound for m(I(Vi, V)): 

m(I(Vi,V)) < 6 n+2 (n + 2 )(™+i)(«-*/+i)^ +1 . (54) 

Definition 2.32. We introduce the following notation: 

C m :=Q n+2 {n + 2)^ 2 plX\. (55) 

So, C m is the upper bound for the r. h. s. of (|54p . Note that C m depends on 
n only. 

2.4 Proof of Lemma [27311 

We recall that the ideal Vf, its rank rf and the transcendence degree tf are 
introduced in Definition 12.21 In this section we use the following notation 
(see [3D], P-12) 

deg(X, a,b) :=deg {0idimX) (X)-b d ^ x +dimX-deg ihd ^ x _ 1) (X)-a-b^ x ~ 1 

(56) 

where X C P 1 x P™ is a variety and a, b <G M + . 
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Lemma 2.33. Let I be a bi-homogeneous ideal of A, I ^ A and 

l=(l:z,l:fl(z):...:fn(z))e¥i [[z]] x^ [[z]] . 

We denote 5o := So(I,f), 5i = 5\(I,f) (recall that the quantities do(I,f) 
and 6i(I,f) are introduced in Definition 1 2. 2S\) . 

Let W C V(Vf) be an irreducible (bi-projective) variety projecting onto 
the factor P 1 and let positive integers a, b G N satisfy 

V ■ b ■ deg (0i dim/) / + • a ■ deg (l dimJ _ 1) 7 + v x ■ b ■ deg (l dimJ _ 1) I 

< M^ideg( 0)dim/) / + ^ 5odeg {lidim/ _ 1) 7 + ^i^ideg (l dim/ _ 1) I (57) 

or 

M • b ■ deg (0jdim/) I + vq ■ a ■ deg (ldimJ _ 1) I + v x -b- deg (ldimJ _ 1) I 

= M^ideg (0)dim/) / + ^ 5odeg (ldim/ _ 1) / + ^i^ideg (ldimJ _ 1) I (58) 

and 

b<5 1 . (59) 

Assume 

deg(W, a, b) + dim(W) < (t/ + 2)2- n - 1 (n + 2)- (n+1)(n -'l +1) deg (V(V),a, b) . 

(60) 

Then, there is a polynomial Q € T(W) \ (IUVj) (that is, Q vanishes on W , 
does not belong to I and does not vanish at f) satisfying two inequalities: 

deg x ,Q<a, 

(61) 

degxQ < b. 

Proof. Note that the assumption that W projects onto P 1 implies 1 < 
dimVF, and the assumption W C V(Vf) implies dimVK < tf + 1. 

Suppose first that no polynomial of bi-degree at most (a, b) simultane- 
ously vanishes on W and does not vanish at /. In other terms, suppose 
that the Ik-linear space of polynomials vanishing on W and of bi-degree up- 
per bounded by (a, b) is included^ in the k-linear space of polynomials of 
bi-degree at most (a, b) and belonging to the ideal Vt ■ Hence 

H g (W,a,b)>H g (V(V),a,b). (62) 

2 Moreover, the assumption W C V(Vf) implies the inclusion in the opposite direction, 
Vf C V(W), so these two k-linear spaces in fact coincide in the case under consideration. 
However this is not important for our proof. We mentioned this fact just to show that the 
lower bound in Q62p is in fact an equality. 
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Using Corollary 9 of [30] we continue ([62]) 

H g (W, a, b) > H g (V(V),a, b) > (t/+2)2— 1 (n+2)-^ +1 ^ n - t l + ^ deg (V(P),a, b) . 

(63) 

At the same time, by another part of Corollary 9 of [30J we have 

H g (W, a, b) < deg(W, a, b) + dim W. (64) 

The system of inequalities ([63]) and (f64"|) contradicts the assumption ([60|) . 
We conclude that there exists a bi- homogeneous polynomial Qo of bi-degree 
at most (a, b) that vanishes on W and does not vanish at /. Moreover, we 
claim that Qq does not belong to /. Indeed, it follows from assumptions ([57]) . 
(|58|) and ([59]) . because the r.h.s. of (f57|) minimizes the expression 

/xdeg^(Q)deg (0)dim/) I+i/ degx'(Q)deg {1)dim/ _ 1) I+^i deg^(Q)deg (1>dimJ _ 1) / 

for all the bi-homogeneous polynomials Q from I\{Vf} (see Definition ^, 23p , 
Lemma 12.331 is proved. □ 

Corollary 2.34. Consider the situation of Lemma \2.33[ So, let I be a 

bi-homogeneous ideal of A, I ^ A and 

l=(l:zA:f 1 (z):...:f n (z))eFl [[z]] xF£ [[z]] . 

We denote 8o := So(I, f), 5\ = 5i{I, f) (recall that the quantities 5o(I, f) and 
8\{I, f) are introduced in Definition \2.23\) . Let W C V(Vf) be an irreducible 
(bi-projective ) variety projecting onto the factor P 1 

Assume in addition that I is a radical ideal and assume that the variety 
W contains V '(I) . Moreover, assume thatV(I) itself projects onto the factor 
P 1 . Assume dim(W) > 2 and assume that either 8o > 2 or 5i > 2™. Then, 
if ui = 0, 

deg (W,a ,<*i) > (t/ + 2)2~"- 2 (n + 2)- (n+1)( "-*l +1) deg(v(P z ),5o,5i) . 

(65) 

Proof. In the beginning, we consider the problem with an auxiliary assump- 
tion 

S > 1 and 8i > 1. (66) 

By hypothesis, we have either 5q > 2 or 6% > 2 n . If 5q > 2, we apply 
Lemma 12.331 with a = 5q — 1 and b = 8%. Otherwise, we necessarily have 
8\ > 2™ and we apply Lemma 12.331 with a = 8q and b = 8i — 1. Clearly, 
condition ([ST]) is satisfied in both cases (note that deg( l dim I > 1 in 
view of our assumption that V(I) projects onto the factor Pi). 
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In the following text we assume So > 2. The case 5± > 2 n can be treated 
in exactly the same way, and it is left to the interested reader as an exercise. 

As we assume V(I) C W, the conclusion of Lemma 12.331 can not hold 
true and we infer that assumption (|60p has to fail, that is we have 



deg (W, 5 Q - l,<5i) + dim(W0 

> (t f + 2)2- n - l (n + 2)- {n+1){n - t L +l) deg (v(V f ), <J -Mi) • (67) 



Because of our assumption that W projects onto Pi, we have 

dim(W) > 1, 
deg(i id im(Ty)-i)(W / ) > !> 

hence 

deg (W, S - 1, Si) + dim(W) = deg {QAimW) (W) ■ 5? mW 

+ dimW- deg {1AhaW _ 1} (W) ■ (S - 1) • ^f 1 ^- 1 + dim(W) 

< deg (0 , dimW) (W) ■ 5?™ w 

+ dhnW- deg (lidimW _ 1) (VF) • 5 ■ if^" 1 

< dim(W,5 ,Si). 

At the same time, in view of our assumption 5q > 2 we have 
deg (V(V L ), 5 - Mi) > \ deg (v(Pf),S , S x 



and we readily deduce (|65|) . 

Now assume that (j66[) does not hold true. If 5± = 0, then the r.h.s. 
of (|65p is zero and the claim readily follows. It remains us to consider the 
case So = and S\ >2 n . In this case, we apply Lemma [2.331 with a = So = 
and b = S\ — 1. We infer 



deg(W,<5 ,£i - 1) +dim{W) 

> (t L + 2)2-"- 1 (n + 2)- (n+1)( "-*/ +1) deg (v(Vf), S , &i - l) . (68) 

Further, Si > 2™ implies 

deg (W, <5 0) <5i - 1) + dim(W) < deg (W, S ,5x), 

and 

deg (V(V L ), So, h-l)>^ deg (y(Pf), S ,S^j . 
The conclusion ([65]) readily follows. □ 
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Corollary 2.35. In the situation of Corollary \2.34[ replace the hypothesis 
u\ = by the hypothesis v\ > 1. Further, introduce the following hypothesis 
on 5n and <5i : either <5n > max ( 2, — =^ — r ) or 5\ > 2 n . Then we have the 

u 1 u — ^ ' max(/^,!/o) / 

following inequality: 



deg [W, 5 + 



-<5i, 5] 



max(/i, v 0/ 

> (t L +2)6- n - 2 (n + 2)- {n+1){n - t L+ 1) deg ^V(P/),<5 + 



max( J tt, z^o 



(69) 



Proof. The proof of this corollary is similar to the proof of Corollary (|2.34l) . 
For the purpose of not to waste space on the trivial calculations, we consider 
here only the case 5q > 2 and 8\ > 2, leaving details for the reader. 



Note that the numbers a 



V2 + 



-A 



2 max(/i,i/n) 

the hypothesis (|57|). Hence we deduce with Lemma f2, 331 



and b = [Si/2] satisfy 



deg W, 



6 /2 + U j -5 t 

2 max(/i, vq) 



, [Sx/2 

> (t f + 2)2-™- 2 (n + 2 )-( n+1 )( n -'l +1 ) 



x deg V(V f ), 



S /2 + 



2 max(/j, i/q) 



Si 



ASi/2]), (70) 



where [x] denotes the integer part of a real x, that is the biggest integer 
n € Z satisfying n < x. Using the inequality [r/2] > r/3 for every real 
r > 2, we readily deduce 



deg W, Jo/2 + 



-5i,Ji/2 



2 max(/i, fo) 
> (*/ + 2)2- n ~ 2 (n + 2 )-( n+1 )(™-'/ +1 ) 



deg [V(V f ),5 /3 + 



3max(/j, fo) 
Finally, definition ()56[) readily implies 

deg(X, Aa, A6) = A dimX deg(X, a, b) 



<Mi/3 ■ (71) 



(72) 



for any variety X € P 1 x P n and a, 6, A € M + . Applying ((TSJ to the both 
sides of (jnj we deduce ([MI)- □ 



Proof of Lemma \2. 31\ . We denote by r the rank rkI(Vi,V) and by <5j the 
quantities 5i(V, f), i = 0,1. 
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To start with, consider the case v\ = 0. Then the ideal I(Vi,V) = 
ViA-p n A is extended-contracted by localization at V of an ideal generated 
by Vf and by r — r/ polynomials of bi-degree upper bounded by (pi5o,pi8i) 
(see Definition 12. 28p . Using Bezout's theorem (see Lemma l2.14p and defini- 
tion (|56p we readily verify 

deg(V(J(ri,7>)),<So,<5i) < p"' rL deg(v{P L ),d ,di) . (73) 

Let W = V(Q), where Q is a minimal prime ideal associated to 
V(I(Vi,V)). By construction of I(Vi,V) all its associated primes are con- 
tained in V, thus V(V) C W. Moreover, since V(V) is projected onto P 1 , 
we deduce that W is projected onto P 1 as well. Further, by construction 
of I(Vi,V) we have dim V (I(Vi, V)) > 1, and if dim V (I(Vi, V)) = 1 then 
I(Vi,V) = V, hence m(I(Vi,V)) = 1 and (|S"4"j) follows. Thus we have to 
consider only the case dim(Vl^) = dimV (I(Vi,V)) > 2, thus we are in mea- 
sure to apply Corollary 12. 341 We find that W satisfies in other words, 
every prime Q associated to I(Vi,V) satisfies 

deg(V(Q),<$o,<5i) > (t/ + 2)2-"- 2 (n + 2)-(' t+1 )( n -'l +1 )deg(v(^),5 ,5i) • 

(74) 

But 

deg (1)n _ r) (J(^,P))= Yl d ^d,n~r)mA Q ((A/I(V t ,V)) Q ), 

SeSpeoA, ( 75 > 
rk(Q)=r 

and 

GeSpec.4, 
rk(Q)=r 

(76) 

Summing up ([75]) with coefficient 8q8™ r and (f76j) with coefficient r , 
we find 

deg(I(V i ,V),8 ,8 1 ) = Y deg(Q,8o,Si)lA Q ((A/I(V u V)) Q ) (77) 

QeSpecA, 
rk(Q)=r 

Applying ([79]) to the l.h.s. of $77$) and flTJ]) to the r.h.s. of ([77]) we obtain 

pp^deg (v(P/),$ ,*i) 

> (i/ + 2)2-™- 2 (n + 2)-("+ 1 )(«-*/+ 1 ) deg (v(P/), tf„, <$i) P)). 

(78) 
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Finally, we deduce (|54p from (|78p with simplification and using the remark 
< tf < n, < r < n + 1 (in fact, in this case, v\ = 0, we obtain even a 
better constant in the r.h.s. of (|54p ). 

In the case i>\ > we proceed in the similar way. In this case the ideal 
I(Vi,V) = ViA-p n A is generated by Vf and by r — rj polynomials of bi- 

degree upper bounded by (pi \ S + ^^^ i) ,Pi5i) (see Definition [2J28J . 
Again, using Bezout's theorem (see Lemma f2.14p and definition (|56p we find 

deg (v(I(Vi,r)),5 + ^ rS 1 ,S 1 

\ max(/i, u ) 

< P T L deg (v(Vf),S + p rtfx.fc ) . (79) 

V max(/i,i/ ) / 

We consider a minimal prime ideal Q associated to V(/(^i,'P)). We readily 
verify that we can apply Corollary 12.351 (see the first part of this proof for 
more details). We deduce with Corollary 12.351 the lower bound 

deg (V(Q),<5 + p rS u S 1 

\ max(/i, v ) 

> (t L + 2)6- n - 2 (n + 2 )-( n+1 )( n -'l +1 ) 

x deg (v(V f ), 5 + ^ rSx, S x ) . (80) 

Using formulae ([75|) and (j76|) we find 

^deg fv(P/),<5 + ^ ^i^i) 

> (tf_ + 2)6- n - 2 (n + 2 )-( n+1 )( n -'/ +1 ) 

x deg (v(Vf),5 + p r8i,h) m(I(Vi,T)). (81) 

Finally, we deduce (|54p from (|8ip with simplification and remark < tf < n, 
< r < n+1. □ 



3 Transference lemma of P. Philippon 

From here on we assume that tf > 1. In the case tf = 0, all the functions 
fi(z),...,f n (z) are algebraic, hence multiplicity estimate follows immedi- 
ately from Liouville's inequality (see Lemma l2.22p . 

In this section we present (a particular case of) the transference lemma 
elaborated in [30J . In the sequel we shall use the constant c n defined by 

Cn = 2 n+1 (n + 2) (n+1)(ri+3) . (82) 
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Note that in terms of [30j one has c n = Cpi x pn. 

Theorem 3.1 (Transference (1, n)-Projective Lemma). Let f £ ^k[[z]]' ^ e 

denote t = tt. Let C be a real number satisfying 

C > (c n )' (C/) <+1 max (1,1/q, (83) 

C > ((h(r L ) + deg(V£))max(l,^,^y\ + . (84) 

If a homogeneous polynomial P € k[z] [JQj, Xi, ...,X n ] \ Vf satisfies 

ord z=0 (P(/)) - degP • ord z=0 (/) - h(P) 

>C-t-({v + v) (h(P) + 1) + (i/i + fi) deg P) (deg P + if , (85) 

then there is an irreducible cycle Z € P„ ^k(z)^ defined overh(z), of dimen- 
sion 0, contained in the zero locus of P and in the zero locus of the ideal 
Vf, satisfying 

vq deg Z ■ h(P) + v x deg Z ■ deg P + \i ■ h{Z) ■ deg P 

< (c n C)^V (degP + 1)' (/i(P/)deg(P) + deg(P/)/i(P)) , (86) 

and 

^Ord/(a) > C^cJ^ (v Q deg(Z)h(P)+vi deg(Z) deg P+p-h(Z) deg p\ . 

(87) 

In particular, |#7| ) implies 

Ord/(a) > C/(i/ deg(Z)/i(P)+i/ideg(Z)degP+/i-/i(Z)degP). (88) 

Proof. We denote by Iq the ideal corresponding to the intersection of V(Vf) 
and V(P), i.e. the ideal given by Proposition 4.11 of Chapter 3, [18]. By 
this proposition, the ideal Iq satisfies 

deg 7 < deg P/- deg P, (89) 
h{h) < h(V£)- deg P + degV L -h(P), (90) 

and 

Ord £ /o > Ord z=0 (P(/)) - degP • h(V f ) - h{P) • degP/ 

>C't-((n + uo) (h(P) + 1) + fa + fi) deg P) ii 1 - 1 (deg P + 1)* 

- deg P • h(Vf) - h{P) • deg Vf, (91) 
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the second inequality here is implied by the hypothesis (f85j) . 

We can consider (1 : z) as coordinates of a point in Pi^ (see Re- 

k(z) 

mark [373]) . Under this convention, the cycle Xq := V(/o) can be considered 
as a cycle in P 1 x P n of dimension t and it has the following degrees: 

de g(o,*)^o = h(I ), 
de S(i,t-i) = deg/ . 

We apply Corollary 11 of [30j to l> = / and X = V(J ) C P 1 x P n . We 
choose the multi-degree (ry, S) to be 



n 
8 



(c n C)—(v (h{P) + l) + v 1 degP) 
(c„C)^/x(degP + l 



Inequalities (|83j) and (|84[) imply 

h{P) < 7?, 

degP<<5, (92) 
max(c n ,Cj) < min(77, 6) 

(recall that the constant Cf is introduced in Definition 12, 2|) , hence Xq is 
defined by forms of multidegree < (77, 6) with 

min(r7, 5) > c n = c P i xP n, 

where the constant Cpl xP n 1^ 

the one defined in [30] . 

In our case we have 

deg (X , V , 5) = h(I ) • 8 l + t • deg I Q • r?^ 1 

< I // ( P.- S • deg P + deg Vf ■ h(P)) ■ S 1 + 1 ■ degVf ■ deg P • t?^ -1 



< (cnC)^ / l (P / )-degP + degP / -/ l (P) -/(degP + l) 



+ i • deg V f ■ deg P • (zv (/i(P) + 1) + v x deg P) /J^ 1 (deg P + 1 



CnC)^//'" 1 (deg P+l)'- 1 h(Vf) • deg P + deg • h(P) -/i(deg P+l) 



+ t-degP / -degP-(i/ (/i(P) + l) + ^idegP) , (93) 
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the first inequality in ([93]) is a consequence of ([89]) and ([90]) , and the second 
follows by a direct application of definitions of r/ and 5. The condition 



Ord f X > c^deg [X ,i],5 



is assured by direct comparison of the r.h.s in (j9ip (recall that by definition 
OrdfXo = Ordyio) and ([93]) and taking into account the hypothesis ([84]) . 

The conclusion of Corollary 11 of [18J gives us exactly the conclusion of 



the theorem. Indeed, this corollary provides us a cycle Z C Xo(k(z)) defined 
over k(z) and of dimension such that 

S ■ h(Z) + rj deg Z < deg (X , (77,5)), (94) 
^Ord/(a) > c' 1 (rjdegZ + 6 ■ h(Z)) . (95) 

Inequality ([94"]) (together with ([93]) ) gives us inequality ([86]) . and ([95]) pro- 
vides us (1551). □ 



Definition 3.2. Lei C be a real number satisfying I183\). We associate to 
each non-zero homogeneous polynomial P € k[z][Xi, ...,X n ] and a real con- 
stant C > satisfying [85\) an irreducible 0-dimensional cycle Zc(P) defined 
over k(z), contained in the zero locus of P and satisfying inequalities A86\) 
and H88\). In view of the transference lemma there exists at least one cycle 
satisfying all these conditions (provided polynomial P and constant C sat- 
isfy n?5\) ). If there exists more than one such cycle, we choose one of them 
and fix this choice. 

Remark 3.3. Considering (1 : z) as coordinates of a point in ^jj^-y we can 

consider the cycle Z as an 1-dimensional cycle in x (defined overh). 
In this case we denote this cycle by Zc{P). 

We associate to a bi-homogeneous polynomial 
P(X' ,X[,X ,X 1 ,...,X n ) G A satisfying 

ord z=0 (P(l, z, f) - (deg x P)ord z=0 (/) - deg x / P 

= = j > G, (9b) 

t ■ ((i/ + H) (h(P) + 1) + (y x + n) deg P) /i'" 1 (deg P + 1)* 

the homogeneous polynomial 

P(Xo, Xi, ...,X n ) = P(l, z, Xq, Xi, ...,X n ) 

(satisfying in this case H85\) ). We have already defined the cycles Zc(P) 
and Zc(P) for the latter polynomial, as P £ k[z][Xo, . . . , X n ] (see Defi- 
nition WM) . By this procedure we associate equally the cycles Zc(P) and 
Zc(P) to every bi-homogeneous polynomial P G A satisfying [96]) . 
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Remark 3.4. Note that if P £ Vf, that is if P(f) 7^ 0, we necessarily 
have f G" Zc{P) (because Zq{P) G 2(P) by definition), or in other terms 
X{Zc{P)) \Vf 7^ 0. Hence quantities So(Zc(P)) and 5\{Zc{P)) (introduced 
in Definition \2.23\) are defined if P(f) ^ 0. 

Remark 3.5. Note that combining \96\) (for C large enough) with the trans- 
ference lemma (Theorem \3.1[ Ii88\) ) we can assure that the cycle Zc{P) is 
not an isotrivial one (hence Zc(P) is not defined overk). Indeed, each point 
defined over k contributes at most Ord z= o (/ A /(0)) to OidfZc(P), so for 
an isotrivial cycle Z one has 

Ord/Z < Ord z=0 (/(*) A/(0)) degZ. 

Thus 

/ cOrd z=0 (/A/(Q))+l \ n 
130 ^ minK^ ) (97) 

implies that Zc{P) is not isotrivial. 

We recall the notation introduced in Definition 12.21 Let fi(z), . . . , f n (z) 
be a set of functions, then we define 

t = *(/) := tr.deg. k(2) k(z, fi(z), f n (z)). 

The following theorem plays an important role in the proof of our prin- 
cipal result, Theorem 14.11 

Theorem 3.6. Let f_ = (1 : f x :•••:/„) G P£ [H] and let P G 
k[z][Xo, . . . , X n ] be a homogeneous polynomial such that 

P(z,f x {z),...,f n {z))^U. 

Assume that P satisfies t85\) with 

C > max f (Stlc/mmfo./i))* , ( ^^^ ) + ^ tso ) (98) 



(where constant C sg is described in Corollary \2.26\ and C^ so in Remark \3.5\ 
([97]) ). Let Z = Zc(P) and let Pq G k[^][Xo, . . . , X n ] be a homogeneous 
non-zero polynomial in X_, vanishing on Z and realizing the minimum of the 
quantity 

u ■ h{Z)h{Q) + v x • deg Z ■ h(Q) + n ■ h(Z) deg^Q (99) 

over all homogeneous polynomials Q G k[z][Xo, . . . ,X n ] \ Vf vanishing on 
Z. We denote 5q := h(Po) and 8% := deg x Pq (cf. Definition W. 
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There exists a point a€ Z satisfying 

Ord(/,a) >C($ + 1)0*1 + 1)*, (100) 
^ -l 

where C = C~ min(^o, m) I 3 • i! ■ Cn +1 



Proof. We claim that there exists a point a x € Zq{P) satisfying 

Ord(a L J)>C sg . (101) 

Indeed, by definition of Zc{P) (see Definition 13. 2|) we have for this cycle 
the lower bound (|88p . This inequality implies that there exists a point 

g_i € Zc(P) satisfying Ord(a 1; /) > c~ (c n C) *+ x min(z^o, /i) and we de- 
duce (fTUTT) from (1U81 . 

In view of Corollary 12.261 condition (|1U1|) provides us 

So > 2 • n! + 1 or 6i > An. (102) 

Let (a, 6) € N 2 . By linear algebra one can construct a bi-homogeneous 
polynomial Q( a ,b) = Q(a,b){X' Q , X[,X , X%, ...,X n ) € A\Vf_ of bi-degree (a, b) 
and of vanishing order at / = (1, z, 1, fi(z), . . . , f n {z)) satisfying 

ord z=0 Q (fM) )(/) > L^(o + l)(6 + l)*J- (103) 

Indeed, by definition of t we can chose indexes i\, . . . ,it in such a way that 
z, fi 1} . . . , fi t are all algebraically independent over k. The space of all bi- 
homogeneous polynomials of bi-degree up to (a, b) and depending only on 
variables Xq , X[ , Xq , X^ , . . . , Xi t has dimension 

(a + l)( 6 + ^ > ^(a + l)(6 + l)* 

over k, so we can choose among them a non-zero polynomial satisfying (|103[) , 
By construction this polynomial can not belong to Vf, otherwise it would 
provide a non-trivial algebraic relation between z, fo x , . . . , fi t that is impos- 
sible by the choice of indexes i\, . . . ,i t . 

Let 

<M)-{2 , : 1, *t « s °^ n ! +1 ; m (104) 

I (oo,oi — 1), otherwise, i.e. <5i > 4n in view of (|102p . 
We claim that for this choice of (a, b) the following inequality holds 

ord z=0 Q( a , fc) (/) > ^(5o + l)((5i + 1)*. (105) 
In view of (| 104ft . exactly two cases are possible: 
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a) S >2-n! + l, 

b) 5i > An. 

By (fTU^l) we have 

ord z=0 Q (a , fc )(/) > l^(a + 1)(6 + 1)'J > ^(a + 1)(6 + 1)* - 1. (106) 

In the case[T]we proceed as follows. First, in this case (|106|> can be rewritten 
as 

ord z=0 Q (a , 6) (/) > ^ (d (8 1 + 1)* - «) (107) 
and in order to show (|105p it is sufficient to verify 

250(5! + 1)* - 2 ■ t! > (5 + + !)*■ (108) 

The latter inequality is obvious for So > 2 • n\ + 1 > 2 ■ tl + 1 (and <5i > 0). 

In the case [2] the same procedure brings us to the point where it is 
sufficient to verify (instead of (|108j) ) 

2(5 + l)5\ -2-t\>(S + l)(<5i + 1)'. (109) 

We can rewrite this inequality as 



Si + ij J y ' - (Si + iy 

The l.h.s. of (IllOp is an increasing function of So and S±, and the r.h.s. 
of (jllOp is a decreasing function of S\. So it is sufficient to verify this 
inequality for So = and Si = At < An. We can directly calculate 

At \ * 2 • /' 

(0 + l)>l/2>— ^— , (111) 



At + I J v ~ ' " y ' ' ' (4i + l)* : 

hence (|109p is true for all the values So > 0, <5i > An. This completes the 
proof of (PUD . 

We define 

<5(X , X n ) = Q( 0i 6)(l, 2, Xo, X n ) 9 , 

where g = [2 • £!(?]; therefore we have ord z= oQ( a ,&)(l; z, 1, /i, • ••> /n.) 9 > 
C(5o + l)(^i + 1)*. As the polynomial Q( a ,b) was constructed in a way 
to satisfy Q( a ,b)(f) 0, w e have Q(fi, ...,/„) 7^ 0, hence Q P/. 

It is easy to verify 

h(Q) < deg^/ Q {atb) = a, 
degx Q = deg^ Q( tt)6 ) = 6. 
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We recall that in the statement we have introduced notation Z = Zc{P)- 
One obviously has 

deg Z > 1 

and, as Z is not defined over k (see Remark 13 . 5[) . one has 

h(Z) > 1. 

In view of (|104p we obtain that the polynomial Q( a £) makes the quantity (j99[) 
strictly smaller than the minimum realized by Pq. So Q( a ,b) (and hence Q) 
can not vanish on Z (by the definition of Pq); m other words: Q does not 
belong to 1{Z). 

We apply Theorem 4.11 of chapter 3 of [18] to polynomial Q(Xq, ...,X n ) 
and to the ideal I(Z), which is O-dimensional over k(z). 

Let a € Z realize the maximum of Ord(-,/) for points of Z; in other 
words: let Ord(/,a) = max^gx Ord(/, /?). 

We define 

_ f Ord z=0 Q(/), if Ord(/,o) > Ord z=0 Q(/) 

~ \ Ord;Z(Z), if Ord(/,o) < Ord z=0 Q(/) ' ' ' 2 ' 

By Theorem 4.11 of chapter 3 of [IB] one has 

6 < h(Q) deg(Z(Z)) + /i(X(Z)) deg(Q) (113) 

(in our case the base field is k(z) and all its valuations are non-archimedean 
ones, so v = and the term vm 2 deg(Z(Z)) deg(Q) is equal to zero in the 
statement of this theorem). 

We claim that the inequality 

Ord(/,a)<Ord z=0 Q(/) (114) 

is in fact impossible. 

Indeed, in this case 9 = Ordfl(Z), so (|113p implies 
Ord/Z(Z) < q5 deg(Z) + qb x h{Z), 
and we can weaken this inequality 

Ord / Z(Z) < (u 5 deg(Z) + v x 5 x deg(Z) + ^8 x h{Z)) . 

J - mm(f ,/i) 

Using the definition of 5q and 5 X we deduce 



(115) 



Ord f I(Z) < — ? -{u h(P )deg(Z) 

- mm(^ , H) v 



+ V! deg P deg(Z) + p deg P h(Z) 



< 



(u h(P)deg(Z) 



min(i/ , fi) 

+ i/i deg P deg(Z) + fi deg P/i(Z)) . 
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Further, as P vanishes on Z one has 

u Q h(P ) deg(Z) + vx degPo deg(Z) + fideg P h(Z) 

< u h(P) deg(Z) + vi deg P deg(Z) + /x deg P/i(Z) 

by the minimality from the definition of Pq. Then, applying (|87|) (recall our 
notation Z = Zc(P)), one has 

Ord z Z(Z) > CTc^ 7 ^ (yoh(P) deg(Z) + ^ deg P deg(Z) + /j deg Ph(Z)) 
and gluing this inequality with (|115p we obtain 

C^Cn *k KM P ) deg(Z) + i/i deg P deg(Z) + /i deg P/i(Z)) 

< — -J? r (voh(P) deg(Z) + v\ deg P deg(Z) + /j deg P/i(Z)) . 

mm(f ,/i) 

Simplifying vqH{P) deg(Z) + z^i degPdeg(Z) + /j deg Ph(Z) we deduce in- 
equality 

3 • t!<7 = min(i/ , /i)^ 171 < g = [2 • tlC] 

which contradicts the definition of q and C > 1 (recall that C is defined at 
the end of the statement of this theorem and C > 1 in view of ()98|) ). So the 
inequality (jl 14|) is impossible. 

Thus unavoidably one has 

Ord(/,a) >ord z=0 Q(/). 
By construction of Q one has ord z= oQ(/) > C(8q + 1)(<5i + 1)*, so we deduce 
Ord(/,a) >C($ + 1)0*1 + 1)*. 

□ 

4 Principal result 

In this section we introduce the main result of this paper and prove it. 

Recall that general framework imposed for this article is given in sub- 
section 12.11 So, we have an algebraically closed field k, a polynomial ring 
A = k[XQ,X[,Xo,...,X n ] bi-graduated with respect to (deg X ', deg x ) , a 
point 

l=(l:z,l:f 1 (z):---:f n (z)) 

and a map 4> : A — > A satisfying properties (f2"5j) and ([2"6"]) , We also recall 
the notation 

t:=t L = tr.deg. k(z) k {h{z), . . . , f n (z)) . (116) 
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In the statement below as well as in the subsequent considerations we use 
various notions defined in subsections 12,21 and 12,31 In particular, m(I) (as 
well as Vi and es) is defined in Definition 12 ,12 1 iq is defined in Definition ^. 281 
and ordj is defined in Definition 12,151 

Theorem 4.1 (Formal multiplicity lemma). Let k, A, f and 4> be as above. 
Assume that the map 4> "is f -admissible. Let n\ G {1,... ,n} and Cq,C\ G 
M + . We denote by K ni the set of all equidimensional bi-homogeneous ideals 
I C A of rank > n\, such that Vf Cj I, f £ V(I) and m{L) < C m (recall 
that the constant C m is introduced in Definition \2.32\) . and moreover such 
that all its associated prime ideals satisfy 

ord/Q > C . (117) 

Assume also that f has the (4>,lC ni ) -property (see Definition \2.19\ ). 

Then there exists a constant K > such that for all P G A, satisfying 
P(l, z, 1, f x {z), . . . , f n {z)) + and for all C > d 

io(Zc(P)) > n x (118) 

(recall that the cycle Zc{P) is introduced in Remark \3.3\ and i$ in the Defi- 
nition [2~.28\) . satisfy also 

ord z=0 (P(/)) <#((/* + ^o)(deg z , P + 1) + v x deg^P) x^-^deg^P+l)'. 

(119) 

Remark 4.2. Condition U18\) is tautologically true with parameters n\ = 
1 + r^ and C\ = (in view of the definition of io(Z(P)), see Definitional 



and Remark \2.29\) . Using this choice of n\ and C\ and enlarging class fC ni 
to /Ci+ r/ we obtain the statement of Theorem \l.l\ 

Remark 4.3. Parameters n\ and C\ are introduced because in certain situ- 
ations it is possible to provide direct lower estimate ofio(Z(P)) better than 
1 (see Remark \2.2y\) . so excluding the necessity of analysis of cp- stable ideals 
of a small codimension. Sometimes it could appear a decisive step, e.g. see 
proof of Proposition 4- 11 in [36]. 

We deduce Theorem 14.11 at the end of this section as a consequence of 
Lemma I2.3UI and the following Proposition [ 



Proposition 4.4. Let P G A and C G R satisfy 

P(l,Z,l,f 1 (z),...,f n (z))ytO 

and: 

c ord z=0 (P o /) - (degjf P)ord z= o(/) - deg^ P 

< t ((i/ + M)(deg^ P + 1) + vt degxP) /^(degx P + 1)* 
C>(min(i/b,M)r*. (121) 
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Let V be the ideal defined as V = X{Zc{P)) , where Zc{P) is the cycle 
introduced in Remark \3. 31 Assume that for i = io(Zc(P)) one has 

e^Vi(V),V) <m(I(Vi(V),V)). (122) 

Then, 

C < (^Pre+i) c n (123) 
~~ min(l; A)* min(l; //)* 

Moreover, for all polynomials P G A, one has 

t (Zpn+lYci 



ord z=0 P(f(z)) < max 



. (min(^ , n)Y ' min(l; A)* min(l; y) 1 
x (( M + ^o)(deg^ P + l) + vi deg K P) //^(deg^P + 1)* 
+ (ord z=0 /)(deg x P) + deg x , P. 



(124) 



Proof. Note that if deg^ P = 0, then the conclusion of the proposition is 
automatically satisfied. Thus we need only to treat the case deg^ P > 1. 

Ad absurdum assume 

c > n^Tw! v ^ 

mm(l; \) 1 mm(l; \iy 

Recall that io = io(Zc(P)) > 1 is the largest index i S {1, n} such 
that rkiViA-p) >i + rf (see Definition I2.28p . We put eo the largest integer 
< e^^ViQjV) such that Vi + ... + 4> e °(Vi ) C V (we use the notation Vi 
as a shorthand for V^T 3 )). Note that the assumption (|122p implies that 
e <f>(yio-,P) is finite, so eo is a well-defined integer. 

Let Q be a generator of 4> eo (Vi ); by Lemma |2~41 one has 
deg x Q^V^n 

_i (126) 
degx' Q < (^o<5o(^) + e ^i5i(7 7 ))max(^o,/i) e ° /5; . 

With the substitution (X' : X[) = (1 : z) we can consider Q as a 
polynomial from k[z][Xo : ... : X n ]. 

We denote Z = Z C (P). Let a G Z. By Lemma E2H b), there is a 
system of projective coordinates a satisfying 

ord z=0 a = ord z=0 /, 
ord z=0 (a - /) - ord z=0 (/) = Ord z=0 (a, f). 

In view of ord z= o/ = 0, we deduce immediately 

ord z=0 a = 0, (127) 
ord z=0 (a-/) = ord z=0 (aA/). (128) 
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We fix a choice of projective coordinate systems satisfying (j!27|) 
and (fT28l) for all a € Z. 

We claim that for any a € Z 

ord z=o (0(Q)(a)) > min(ord z=o (0(Q)(/)),ord z=o (a A/)). (129) 
Indeed, 

ord z=0 (</>(Q)(a)) = ord z=0 ((0(Q)(o) - <KQ)(/)) + <KQ)(/)) 

> min (ord z=0 (0(Q)(a) - 0(Q)(/)) ,ord z=0 (<^(Q)(/))) 

> min (ord z=0 (a - /) ,ord z=0 (<K<2)(/))) 

> min (ord z=0 (a A /) , ord z=0 (<KQ)(/))) • 

Then, by ([26]) and in view of Q(a) = (according to the choice of eo), 

ord z=0 (0(Q)(/)) > Aord z=0 Q(/) 

> Aord z=0 (Q(/)-Q(a)) (130) 

> Aord z=0 (a A /) . 

We deduce from (fT29"1) and (fT30l) 

ord z=o (0(Q)(a)) >min(l,A)ord z=0 (aA/) (131) 

for all ttgZ. 

By (|131|) one has 



mimb) E ( OTd -(0(Q)fe))) 



a^c(P) (132) 
> ]T (ord z=0 (aA/)) =:M 

«GZ C (P) 

(note that M is equal to the l.h.s. of (f8T|) ). By definition of Zq(P) (see 
Definition 13.21 and Remark I3.3[) and with (|125p we estimate 

M > C V^ 1 (^o deg(Z) deg^ P + v x deg(Z) deg^P + /z/j(Z) deg^P) 

mm(l, A) mm(l, /i) V 

+ ut deg(Z) deg^P + fih(Z) degxP) ■ (133) 

We deduce from ([132]) and (fT33"l) 

x (z/ deg(Z) deg, P + ^ deg(Z) deg x P + /x/»(Z) deg x P) . (134) 
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Also Liouville's inequality (|5ip implies (under assumption that cp(Q) does 
not vanish on Zc(P)) 

ord z=0 [<KQ)(§)) < deg(Z)h(4(Q)) + h(Z)deg<H<Q) 

(135) 

< max(/i,^ ) e °Pio (^odeg(Z)(5o + z^(e + 1) deg(Z)5i + ph(Z)5 1 ) 

< max(/x, ^ ) eo (e + l)pi {i>a deg(Z)£ + v x deg(Z)5i + ph{Z)8i) 

(the second inequality in (j!35|) is implied by (|126p ). 

According to the definition of eo, the hypothesis ()122p and Lemma 12.311 
we have 

e < e^V^V) < m{I{V Mv V)) < v(n + l)\p^\ (136) 

hence max(/i, f ) eo (e + l)pi < Pi +i < p n +i by definition of p n+1 . 
Thus (HMD and (HMD lead to: 

2P " +1 v h deg(Z) deg 2 P + ^ deg(Z) deg x P + ph{Z) deg x P) 
rmn(l, p) — — 

< Pn+i {vq deg(Z)<5 + v\ deg(Z)5i + ph{Z)5 l ) . 

This inequality contradicts Definition 12.231 thus <t>(Q)(cx) = 0. 
So we have 

</> eo+1 (^ ) C 7>, (137) 

and this inclusion contradicts the definition of eo if eo < e^iVicP)- We 
conclude eo = e^ ) (Vi ,'P). 

Moreover, (|137j) implies 

rk ((^p + ... + eo+1 (V io ))A v ) < vk(VA v ) = n. (138) 
As eo + 1 > e^iy^^V) and by definition of e^(Yi Q ,V) we have 

rk ((V io + ... + <l> ea+1 {V iQ ))Ap) > rk(V io A v ) > i , (139) 

we obtain 

xk{V io+l A v ) > rk ((V io + ... + cj> eo+1 (V io ))Av) > to + 1- 

If io < this inequality contradicts the definition of io (Definition I2.28p . 
and if i$ = n inequality (|139j) implies 

rk((V io + ... + ^ +1 (V i0 ))A v ) >n, 

in contradiction with (|138|) . 

So, we have verified that the hypothesis (|125p can not be satisfied, es- 
tablishing therefore (|123p . 
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It remains to verify (|124p . We fix an arbitrary polynomial P € A and 
consider the set A4(P) of reals C satisfying (with our choice of polynomial 
P) inequalities (fT20l) and (fT211 . If M(P) = 0, we have 

ord z=0 (P o /) - (deg^ P)ord z=0 (/) - deg^/ P 
-n[(ji + i/ )(deg^ P + 1) + vx deg^P) /^(deg^P + 1)« 

obtaining immediately (|124|) . 

In the opposite case, if M(P) ^ 0, we let C s denote the upper bound of 
Ai(P), which is a real finite number: in fact the inequality (|120p implies 

ord z=0 (P o /) - (deg x P)ord z=0 (/) - deg x > P 



C, 



n ((// + ^o)(deg^ p + 1) + Vl deg^P) /^(deg^P + l) n ' 



In the first part of the proof we have established the inequality (|123p for all 
the elements of M. (P) , therefore C s also satisfies this inequality, hence (|124p . 

□ 

Now we are ready to prove the main result of this paper, Theorem 14.11 
Proof of Theorem \4-l\ We define 



K 2 := (n - r/) (deg (0idim p £ ) V f _ + deg (1>dim7 , £ _ 1) p/j (l + ^^^y) Pn 

' ° (140) 

and 

C = 1 + max ( c^,(mhu> ,/x))' ,C iso , ( , K K 2 ) ,C X ) (141) 



min(i/ ,//) 

(recall that c n is defined in ([82]) . Co, Ci are introduced in the statement of 
Theorem 14, ip and the constant Kq is implied by the ((/>, /C ni )-property (this 
property is imposed in the statement of Theorem 14.11 as well) . 

Let P £ A \ Vf be a polynomial that does not satisfy (|119p for 

if = max | 2nC, f 2p +1 c n \ * \ 

\ ymax^l, A) max(l, / / 

Then it satisfies ([96]) . In particular, C and P satisfy hypothesis (|120p 
and (|12ip of Proposition IQ1 

Define P := I(Zc(P)), where Zc(P) is the cycle introduced in Re- 
mark 13.31 In view of (|57|) and (|141|) . we have ord^P > Co and thus <p 
is correct with respect to V. Moreover, Zc(P) is projected onto P 1 (see 
Remark 13.51) . 
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Recall that Vi = Vi(Zc(P)) is introduced in Definition 12,271 and e^, m 
are introduced in Definition I2.12t (|33p and (|34|) respectively. If for i = 
io(Zc(P)) we have 

e^,P) <m(I(Vi,V)), (143) 

we verify (|122p and we can apply Proposition 14.41 This proposition gives 
us (|119p in view of our choice of K (|142|) . This estimate contradicts our 
hypothesis that P does not satisfy (|119j) . On the other hand, if (|143j) is 
not satisfied, we apply Lemma 12.301 to the ideal V and the k-linear space 
V = Vi(V) (we recall the notation i = io(Zc(P)))- 

We denote by J the equidimensional ^-stable ideal provided by 
Lemma 12.301 In view of the property b) of this proposition we have 

rk(J) = rk(I{Vi,V)) > i > n x . (144) 

The property a) ensures / ^ V(J), because the ideal I(Vi,V) contains at 
least one polynomial that does not vanish at /. 

We verify (In view of (|53p) 

m(J)<m(I(V,P)), 

deg (0 ,„-rkj+i)(^) < deg {0n _ rk j +l) (I(Vi,V)). 
As V{V) = Zc{P) is projected onto P 1 we have by Lemma \2. 311 

m(I(V,V))<C m 

and also 5i(V) > 1. 

Recall that I(Vi,V) C V and thus 

r := rk/(F i ,7 7 ) < rkP = n. 

As the ideal I(Vi,V) C V is extended-contracted of an ideal generated by 
polynomials of bi-degree < (pi (^ (V) + m ^ o) MP)) ,Pih{V) \ (see Def- 
initions 12.71 and I2.27P , we have by Lemma 12.141 

deg ( o,n-rk/(V i ,7')+l) ( / (^>^)) 

< (r - r L ) (degp,,,,,^,, Vj) (s (V) + s^yftCP)) 

\r — TV — 1 r ~ V f i / J T> I i /'T)\T' — T"f T ~ r f 



x5 1 (Vy- r l-'p i L + [deg mimVL) V L ) 5 1 (Vr r L Pt (146) 

where we use the notation r := rk/(Vi, P). Let's temporarily denote by 
i?(<5o,<5 x ) the r.h.s. of (fl"36j) . Using (fT4l|) we infer 

deg (0in - rk j + i)J<i?(<5o,<5i). (147) 
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As J is an equidimensional ideal, we obtain for all Q £ Ass(A/J) 

deg(o,n-rkQ+l)2 < de g(0,n-rkj+l)^ 
<^0>l). 

The same calculation for deg( ln _ rk g\ Q gives us 

deg ( i jn _ rkQ) Q < pn rL (deg (1)n _ rk p l) 7 7 /J (Si(V) + l) r ~ r L . 
Summing up (|148p and (|149p we find, for every Q £ Ass(A/J), 

deg( 0i n-rkQ+l) Q + d eg(l,„-rkQ) Q 

< R(5 , 5i) + pT" 1 (deg (ljn _ rkP£) P/) (^(P) + 1)^1 
< (r - r/) (deg (ljdimP£ _ 1) P/J 

x (so(V) + U 7^-MV)) S l (V) r " P, ' 

V max(/x,z/ ) / 

deg 

(O.dim-Py ) ^/ + deg(- l dinl p / _ 1 -j P/J ^l(P) r r -Pj 

<^2(5o(P) + l)(5i(P) + l)"- r I, (150) 

where K2 is defined in (|140p . 

As P and C satisfy ([96]) . by Lemma f3T6l there exists a point a € Zc(P) 

satisfying (jlOOp with C = Ct ™f} u °'^ > K0K2 (the last inequality is implied 
by the definition (|14ip ). and thus one has for all Q £ Ass(A/J) (in view of 
Lemma f2. 30} point [3]) 

ord £ Q > ord(/,o) > K K 2 (S (V) + l)(5i(P) + 1)'*. (151) 

We recall that r j and 1 1 are introduced in Definition 12,21 and satisfy 

t f _ + r L = n. 

The estimates (|148p . ()149p and ()15ip put together (and been verified 
for all Q € Ass(„4/J)) contradict the (cp, /C)-property assumed in the state- 
ment. So, the assumption ([96]) with C given by (|14ip is untenable and we 
deduce f 1 11 9 [) with our choice of K. It contradicts again our assumption that 
P does not satisfy (|119p . 

Finally, we conclude that polynomial P, which does not satisfy (|119p . 
can not exist, and this completes the proof. □ 
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5 Applications 



Our Theorem 14.11 extends the corresponding result from [36} I3"B] to sets of 
functions f\(z), . . . , f n (z) G k[[z]] that possibly admit algebraic relations 
over k(z). Once proving this generalization, we can immediately apply it to 
the cases of Mahler's functions and to the case of solutions of a differential 
system (with polynomial relations). In all these cases proofs can be trans- 
ferred word for word from the case of algebraically independent functions, 
just replacing the references to formal multiplicity lemma with references to 
our Theorem 14.11 

In this section we only give statements of theorems and recall the cor- 
responding frameworks. For proofs, we give references to the corresponding 
proofs in [36] and [38] . 



Zero order estimates for functions satisfying functional equations 
of generalized Mahler's type 

Let Aq, ...,A n be polynomials with coefficients in k and satisfying deg z A4 < 
s, deg x Ai < q. Let p{z) be a rational fraction with 5 = ord z= op(z) and 
d := degp(z). 

We consider the following system of functional equations 
fh(z)) _ Ai(z,/i(z),...,/ w (z)) 

Let T be a rational map from P 1 x P n to itself defined by 

(X' : X[,X : ... : X n ) -> [a' (X' , X[) : A' X {X' Q , X[) , 

^0(^0' ^i)^o> ■■■■,X n ) : ... : A n (X' Q , X[ , X , ...,X n ) ), (153) 



where A\ G k[XQ,X(], i = 0, 1, are homogeneous polynomials of degree r in 
X ' and Aj G A, j = 0, ...,n, are bi-homogeneous polynomials of bi-degree 
(s, q) in X' and X_. 

Remark 5.1. We define p{z) = ^ttj^ and associate to every rational map 

T defined by 11153]) and such that Aq, A' are non-zero polynomials, a system 
of functional equations hi 52(1 : 

A (l(z))f i (p(z)) = A l (l(z)), i = l,...,n (154) 

(where f_ denotes (l,z, l,fi{z), ...,f n (z))). 

The other way around, is to start from the system \152(i . then formu- 
lae 1755)) define a morphism T : P 1 x P n P 1 x P™. 
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Definition 5.2. We say that the morphism defined by H53\) and the sys- 
tem ( fi<5^| ) are mutually associated. 

Definition 5.3. For any morphism T defined by i!53\) . we denote by 
irrT the union of zero loci of the polynomial bi-homogeneous systems 
A' i {X' Q ,X[,X Q ,...,X n ) = 0, i = 0,1, and A j {X' ,X[,X Q ,...,X n ) = 0, 
j = 0, ...,n. One has irrT C P| x and this is a set of points where 
bi-projective application T is not well-defined (if irrT = the map T is a 
regular bi-projective map). 

Remark 5.4. To simplify the notation we write T(W) instead of T(W \ 
irr T) ■ 

Definition 5.5. We say that a sub-variety W C P 1 x P n is T-stable, if 

T(W) = W. 

Remark 5.6. If a variety W is T-stable then the ideal 1{W) is T* -stable, 
but the reciprocal statement is not true. The condition T* (I(W)) C T{W) 
geometrically means only that W is a sub-scheme ofT~ 1 (W). However, if 
we impose that the variety W is irreducible and dimT(W) = dim TV, then 

a variety W is T-stable 44> the ideal T(W) is Testable. (155) 

Theorem 5.7. Let k be a field of an arbitrary characteristic and T : 
P[ x IP^ -} x a rational dominant map defined as in /1153\) . by the 
homogeneous polynomials A\, i = 0, 1 in X_ of degree r, and polynomials 
A{, £ = 0, ... ,7i bi-homogeneous in X_' and X_, of bi-degree (s, q). 

Let fi(z),...,f n (z) G and n\ 6 {1, . . . , n}, C\ G M + . We denote, as 

before, f_ = (1, z, 1, fi(z), /„(»). 

Suppose moreover that there exists A € K>o, such that for all Q € A 

Ord z=0 Q(T(/)) > AOrd z=0 Q(/), (156) 

and that there exists a constant Kq S M + (dependent on T and f only) such 
that for every positive integer 

N<C m (157) 

(where the constant C m is introduced in Definition \2.32\) every irreducible 
T N -stable variety W £ P 1 x P n (defined over the field h) of dimension 
dim W < n — n\ + 1 satisfies necessarily 

ord f -(W) < K Q (deg {0AimW) W + deg (ljdimH /_ 1) Ty) . (158) 

Then there exists a constant K\ > such that for all P G A\Vj satisfying 
for all C>Ci 

io{Z C {P)) > ni, (159) 
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satisfies also 

ord z=0 (P(/)) < Ki(deg^P + deg^ J P + l)(deg^P + l) n . (160) 

In case of linear system we can provide an unconditional result. The 
proof is the same as that of Theorem 3.1 in [38] (or Theorem 3.11 in |36|). 

Theorem 5.8. Let k be a field of an arbitrary characteristic and T : P^ x 
— >■ P£ x PjJ a map defined by M5'J\) with the polynomials Ai linear in X . 
Assume that 

A := ord z=0 p(^) > 2. (161) 

Suppose that there is a solution f = (1, fi(z), . . . , fn( z )) °f the system of 
functional equations M5ty) associated to T ■ Denote by tj the transcendence 
degree of f over k(z) (see Definition \2.2\) . 



Then there exists a constant K\ such that for any polynomial P & A\Vf 
one has 

ord z=0 (P(/)) < Ki(deg x , P + de Sx P + l)(deg x P + ifl. 



Multiplicity estimates for solutions of algebraic differential equa- 
tions 

In this subsection we consider an n-tuple / = (fi(z), . . . , f n {z)) of analytic 
functions (or, more generally, power series) satisfying a system of differential 
equations 

MzJ) 

/i(*) = T7T7Y> i = 1 ' (162) 
A o[z,J_) 

where Ai(z, X±, . . . , X n ) € k[z, X±, . . . , X n ] for i = 0, n (we suppose that 
Aq is a non-zero polynomial). 

We associate to the system (|162p the following derivation 

D = A (z,X l ,...,X n )— + J2M^X 1 ,...,X n ) — . (163) 

i=l % 

This operator is an application D : k[z, X±, . . . , X n ] — > k[z, X±, . . . , X n ]. We 
also consider D as acting on A = k[X' , X'-AlXi, . . . , X n ] defining 

d ^ d 

D = h A (X' ,X[,X 1 , . . . i X n)-Q^J + y^ fe A(Xp, X(, JTi, . . . > X ri)-r^r, 

1 i=l 

(164) 

where h P denotes the bi-homogenization of the polynomial P 6 

k[z,x l ,...,x n y. 

hj3f V > V> V V \ ._ v' dc &z P V de ZxP D ( X'\ Xl X n \ 



'■~P(Y' Y' Y Y \ y' u «Sz^ v — P f 1 

-r( A 0' A li A l> • • • ) A "J •— A ' A ^ T/iv i-i V 

A o A o A 0. 
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One readily verifies D( h P) = h (D(P)), so the application D : A — > A is 
exactly the " bi-homogenization" of D : h.[z, X±, . . . , X n ] — > h.[z, X\, . . . , X n ]. 

The application D is a correct application with respect to any ideal 

V C A, according to Corollary 2.11 of [38] (or also corollary 2.10 of [USD- 

Let's deduce from Theorem 14.11 an improvement of the following 
Nesterenko's famous theorem (proved in [1TJ ) : 

Theorem 5.9 (Nesterenko, see Theorem 1.1 of Chapter 10, [E]). Suppose 
that functions 

l=(fi(z),...J n (z))eC[[z]] n 

are analytic at the point z = and form a solution of the system 1 162(1 with 
k = C. If there exists a constant Kq such that every D -stable prime ideal 

V C C[X[,X 1 ,...,X n ], V ^ (0), satisfies 

rnin ord z=0 P(z, /) < K , (165) 

then there exists a constant K\ > such that for any polynomial P G 
C[X£, Xi, . . . , X n ], F^O, the following inequality holds 

orcUo(P(2,/)) < ^i(deg^P + l)(deg^P+l) n . (166) 

Remark 5.10. Condition (|165p is the D-property Assuming 
Aq(0, /(0)) ^ in the system U62\) . it is easy to verify the condition H65\) . 
cf- J-Zfff - chapitre 10, example 1 (p. 150). Also, the condition U65\) is estab- 
lished in the case when the polynomials Ai, i = 0, . . . ,n are of degree 1 in 
Xi, . . . ,X n , cf. Jj^[ /. In the latter case the proof is based on the differential 
Galois theory. 

In what follows we denote by JC pr i me the class of prime ideals of A and 
primary ideals of A. Using Theorem 14.11 we can re- 
place (|165p in Theorem 15.91 bv a weaker assumption, notably a (D, JC pr i me )- 
property (see Definition I2.19P . In the same time we provide a result valid in 
an arbitrary characteristic. 

Theorem 5.11. Let (fi(z),...,f n (z)) € k[[;z]] n be a set of formal power 
series forming a solution of the system M6*2\) . We assume that f = (1 : z, 1 : 
f\(z) : ■■■ : f n {z) satisfies the ((j),ICp r i mar y) -property, and f/chark = we 
assume only that f satisfies the ((ft, JC pr i me ) -property. Under these conditions 
there is a constant K > such that every P £ A\Vf satisfies 

ord z=0 (P(z,/)) < iT(deg^P + l)(de g2L P + 1) 4 I. (167) 
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